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1 KdV equation and Schrodinger operator 
1.1 Integrability of Korteweg - de Vries equation 

Let u := u(x, t) be a function onieM depending on a time parameter t. We will denote 
u xi u xx etc. the derivatives with respect to x, u t will stand for the time derivative. With 
these notations the Korteweg - de Vries (KdV) equation is the following partial differential 
equation 

u t — 6uu x - u xxx . (1-1-1) 

Using linear transformations (x i— > ax, 1 1— » pt and u ju) we can change the coefficients 
as we want. Another standard form often used in physics is 

u t + uu x + u xxx = 0. 

A deep relationship of the KdV equation to the spectral theory of the Schrodinger oper- 
ator 

L=-d 2 x + u{x) (1.1.2) 

was discovered in 1967 by Gardner, Green, M. Kruskal and R.Miura (we will often write d x 
instead of the derivative operator 4-). Namely, let the potential u = u(x, t) of L depend on 
t according to the KdV equation. The key observation is the following: the spectrum of the 
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operator remains invariant under time (the so-called isospectrality). To show this invariancc, 
we use the following remarkable identity. 

Theorem 1.1.1. The KdV equation is equivalent to the following operator equation 

L t = [L,A] (1.1.3) 
where L is the Schrddinger operator (1.1.2) and 

A = Adl - 6ud x - 3u x . (1.1.4) 

Here 

[L, A] = LA-AL 
is the commutator of the differential operators. 

Proof Note that the Schrodingcr operator depends on time through its potential u — u(x, t). 
So the time derivative in the left hand side of (1.1.3) reduces to 

L t = u t . 

Therefore to complete the proof of the Theorem it suffices to establish validity of the following 

Lemma 1.1.2. The commutator of the differential operators L and A is the operator of 
multiplication by a function: 

[L, A] = 6uu x - u xxx . (1.1.5) 

Proof We have 

[L, A] = [-dl + u, Adl - 6ud x - 3u x ] = 

= 6[d 2 x , ud x ] + 3[d 2 x ,u x ] + 4[«, d x ] - 6[«, ud x ] 

since d x and d 3 x commutes and u for all i and j and the operators of multiplication by 
functions u, u x etc. commute too. Let us compute the commutators applying them to a 
sample function /: 

\^x^^x\f — n xx f x -f- *2<U x f xx ~t~ XLrf&Lx i^fxxx, 

[d x > 'U'xlf n xxx f -\- 1u xx f x -\- iinrfxx i^efxx^ 

[u, d x ]f = ju^£j3f Ji^ftcxx ^iij/u 3u xx f x u xxx f, 
[u,ud x ]f = u(ud x f) - ud x (uf) =yH^-yHx- uu x f = -uu x f\ 

so we have 

[dl, ud x \ = u xx d x + 2u x dl, 
[& x : Hx\ — n xxx -\- *2u xx d x , 

i u i ^ x ] — 3u x d x 3n xx d x u XXXJ 
[u,ud x ] = -uu x . 
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Applying these results we obtain: 

[L,A] = 6(^d^+ 2p^) + 3(u xxx +2mi^)- 
- A(Zp£&i + ^u^d x + u xxx ) + 6uu x = 
= -u xxx + 6uu x = u t ; 

where the last equality coincides with the KdV equation. □ 

The operator equation (1.1.3) is called Lax representation of the KdV equation. 
Now we are ready to prove isospectrality. 

Corollary 1.1.3. Let X be an eigenvalue of the Schrddinger operator L satisfying (1.1.3) 
and ip € L 2 {— oo,+oo) the corresponding eigenf unction, 

f+°° 2 

Li/j = Xip, (ip,ip) := / \ip\ dx < +oo. 

J — oo 

Then A = 0. 

Here the dot above stands for the time derivative, so 

L = L t = 6uu x - u xxx . 

Proof. Differentiating the equation Lip — Xip in time we obtain 

Lip + Lip = \ip + Lip. 

Replacing L with [L, A] and reorganizing terms, we have 

X(ip + Aip) = L(ip + Aip) + Xip. 

Taking the inner product by ip we obtain 

X(ip, ijj + AiP) = (tp, L(iP + Aip)) + X(ip, ip) 

and using the fact that L is self-adjoint, we move it to the left of the inner product and we 
cancel two terms. So we obtain A^, ip) = 0, i.e. A = 0. □ 

In other words, any eigenvalue of discrete spectrum of L is a first integral of the KdV 
equation. When saying this we consider KdV as a dynamical system in a suitable space 
of functions u(x) (in this setting the space of smooth functions on the real line rapidly 
decreasing at infinity, see next section for the precise description of the functional space). 
The integral curve u(x,t) passing through the given point uo(x) of the functional space is 
obtained by solving the Cauchy problem 

u t = 6uu x - u xxx (1.1.6) 
u(x, 0) = u (x). 

One can easily derive isospectrality also for periodic functions (see Section 1.6 below). 
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1.2 Elements of scattering theory for the Schrodinger operator 

Informally speaking the scattering describes the result of passing of plane waves ip ~ e ±lkx 
through the field of the potential u(x), from x = — oo to x = +00. The simplest way to 
define the scattering is the case of a compact support potential, 

u(x) = for \x\ > N. 

In this case we have a pair of linearly independent solutions 

L<j>i t2 (x, k) = k 2 4>i. 2 {x, fc), 0i, 2 (x, k) = e ±lkx for x < —N 

and 

Lipi,2(x, k) = k 2 ip lt2 {x,k), ipi t2 (x, k) = e Tikx for x > N 
for any real k ^ 0. The scattering matrix is the transition matrix 

0i (x, k) = a n (k)ipi(x, k) + a 21 (k)ip 2 (x, k) 
(j) 2 (x, k) = ai 2 (k)ipi(x, k) + a 22 (k)ip 2 (x, k) 

between these two bases in the space of solutions of the second order ordinary linear differ- 
ential equation 

-ip" + u{x)iji = k 2 ip. 

As the space and the bases depend on k, the transition matrix depends on k either. It is 
easy to see that this matrix is unimodular and satisfies 

a 22 {k) = an(fc), a 2 i(k) — a 12 (k), keR 

(bar stands for the complex conjugation), see below for the details. 

Let us now explain how to extend this definition for the case of non-localized potentials 
decaying at \x\ — > 00. 

Let u(x) be a smooth real function on the real line x G (—00, +00) (for the moment not 
depending on t) such that \u(x) \ — ► for |a;| — » +00. Moreover we assume that 

/+00 
(1 + |a;|)|ti(o;)|da; < +00. 
-00 

Under these assumptions the discrete spectrum of the operator 

L= -dx^ +u{x) 
consists of a finite number of negative eigenvalues 

Ai < • • • < A„ < 

Lips = AsV's with Vs € C 2 {— 00, +00) 
that is, / ip 2 {x)dx < +00). 
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The continous spectrum of the operator L coincides with the positive real line. The so- 
called Jost solutions 1 are defined in the following way. Let A be a positive real number; let 
us choose a basis in the two-dimensional space of solutions of Lip = Xtp. Introduce tel 
such that k 2 = A and fix two solutions for every k (to one A corresponds two k, positive and 
negative). The solutions ip\(x,k) and ip 2 (x,k) are chosen to satisfy 

ipi(x, k) ~ e~ lkx + o(l) for x — > +00 and ip2{x, k) — e lkx + o(l) for x — » +00. 

(1.2.1) 

Lemma 1.2.1. For eiiery lei, i/iere ezisi exactly two solutions with the chosen asymp- 
totical behaviour (1.2.1). Moreover, the solution ip 2 extends analytically to the upper half 
plane (Qk > 0) and 



Proof. We use the Picard's method reducing the differential equation 

ip" + k 2 i) = utp (1.2.2) 
plus the asymptotic conditions of the form (1.2.1) to an integral equation. 

1. Solve the homogeneus equation ip" + k 2 ip = 0: ip — a\e lkx + a 2 e~ lkx . 

2. Use variation of constants to solve the inhomogeneous equation ip" + k 2 ip = f with 
f = uip: let cij = a,j(x), these functions have to be determined from the linear system 

a 1 e — a 2 e — j^j 

a' x e ikx + a' 2 e~ ikx = 

The solution reads a[ = ^er lkx f and a 2 = —^ etkx f- So 

ai{x) = a ° i+ ^k£ f^ ikyd v 

a 2 {x)=a%-^j* f{y)e ik vdy 

and 

1>(x) = e^ x -y\{y)iP{y)dy - ^ jf e lk ^u(y)^(y)dy + a\e ikx + a° 2 e~ ikx . 

3. We fix the basepoint xq = +00 and set the integration constants as a? = 1, a 2 = 0, to 
have the desired behaviour at infinity 

iP ~ e ikx . 



1 Thcy arc also the generalized eigenfunctions of the continuous spectrum of L 
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We arrive at the following integral equation for the function ip{x) := ip2(x, k): 

m = e ik * - [ + °° SinH *- y) u(y)yj(y)dy. (1.2.3) 



k 

The solution to (1.2.3) is represented by the sum of a uniformly convergent series 
ip = tpo + rpi + 1P2 + ■ ■ ■ , = e tkx 

, \ f + °°smk(x — y) , . , . . , 
ip n+ i{x) = - J u{y)ip n {y) dy 

\Mx)\ < -.U n {x) where U(x) := \ ( + °° \u{y)\dy. 
n\ k J x 



It is easy to see that the solution tp(x) satisfies the differential equation (1.2.2) and 

\ip{x) -e lkx \ < \e u ^ - 1| -» for x -» +oo. 

Observe that tpi := -02 - So the above considerations also prove existence and uniqueness of 
the solution ipi(x). 

We will now prove analyticity of ip2(x,k) for Sfc > 0. Replace ip(x) with e %kx \(x) and 
prove analyticity of x( x ) satisfying: 

X (x) = 1 - £°° e~ ik * S]nk{X k - y) u(y)e ik « X dy 



I 

J x 



+oo ^ _ £ 2ik{y-x) 

2^ u(y) X (y)dy; 



and now \e 2lk( - v x) | = e 2afe ( a: v) — > for |fc| — > oo, Sjfc > since x-y < 0. Solving the above 
integral equation by iteration we easily prove the needed analyticity in k of the solution 
X- □ 

We found that for every k there is a unique solution of Lip = k 2 ip, with the prescribed 
asymptotic behaviour as x — > +oo. Similarly we can prove existence and uniqueness of two 
solutions (f>i(x, k), (f>2(x, k) with the following behaviour at x — * — oo: 

0! ~ e - *** and 2 - e ifex . 

Using similar arguments we can also prove that <p\ extends analytically to 3fc > 0. 

Lemma 1.2.2. The functions ip := ip 2 and ip, for k ^ 0, form a basis in the space of 
solutions. Similarly for <p '■= <Pi and <j>. 

Proof. We compute the Wronskian of ip and ip, i.e. 

W(ip,-tp) := ip'ip - ip'ip. 
This does not depend on x so we can compute it for x — > +oo: W(^>, V>) = 2«fc ^ 0. □ 
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In particular we got two bases in the space of solutions, (?/>, VO and (<P, <t>)- We can define 
the transition matrix between these two bases (expressing (f> in terms of tp): 

4>(x, k) = a(k)ip(x, k) + b(k)ip(x, k). 

Taking conjugates we obtain 4>(x, k) — b(k)(f>(x 7 k) + a(k)ip(x, k). This gives the scattering 
matrix 

(a{k) b(k)\ 
U(fc) a(k) 



a(k) b(k) 
b{k) a{k) 



Lemma 1.2.3. The determinant of the scattering matrix is 1 (i.e. the scattering matrix is 
unimodular) : 

|a(fc)| 2 -|6(fc)| 2 = l. 

Proof. This follows from the fact that the Wronskians of (V>,V>) and (4>,4>) are the same, 
since W is an invariant skew symmetric bilinear form. □ 

Lemma 1.2.4. a(k) can be analytically extended to 3fc > 0. 

Proof. The Wronskian of ip and 4> is a(k)W(ip, ip) + bik^W^rjj^pJ so that a(k) = ^W(ip, 4>) 
and this Wronskian can be analytically extended to > 0. □ 

Moreover, in the upper half plane, a(k) ~ 1 + 0{\) as |fc| — ► oo. Therefore, a(k) has at 
most a finite number of zeroes in the upper half plane. We will see that these zeroes are 
related to the discrete spectrum. 

Lemma 1.2.5. We have a(k) = if and only if there exists a solution to Lip = k 2 ip that is 
exponentially decaying at infinity (and therefore is in L 2 (—oo,+oo)). 

Proof. If a(k) — 0, then W(ip, <j>) — 0, so (f> is proportional to ip. But (f> ~ e ~ lkx asu — oo 
and V ~ e lkx as x — > +oo. In the upper half plane 3 k > we have 

| e -ife*| = e 3fex ^ for a ,^_ 00 , 

A similar exponential decay takes place for \e lkx \ — e ~^ kx for x — > +oo. □ 

So zeroes of a(k) correspond to eigenvalues of the discrete spectrum: a(k) = if and 
only if A = fc 2 is a point of the discrete spectrum. Since A is real negative, so k must be 
an imaginary number, with positive imaginary part. Denote these zeroes ik\, . . . ,in n , with 
K\ > ■ ■ ■ > K n > for some n > (the discrete spectrum is empty for n = 0). Then 
Aj := — k 2 are the eigenvalues of the discrete spectrum of L. The cigenfunctions of the 
discrete spectrum are 4> s (x) :— 4>{x,in s ) and we have 



(f) a (x) 



e 3 x — ► — oo 

^ e -K a x x _^ -(-00 



for some b s e R. One can show that the signs of the real constants b\, . . . , b n alternate: 

{-iy-\>0, s = l,...,n. 
So, from the original problem we derive these scattering data: 
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1. the reflection coefficient r(k) := for fcel; 

2. Ki, ... , K n 

3. &!,...,&„. 

Example 1.2.6. Let us consider the Schrodingcr operator with delta-potential 

L=-^ + a5(ar), ael. 
Here <$(a;) is the Dirac delta-function: 



/oo 
f(x)5(x) dx = /(0) 
-oo 



for any smooth function f(x) rapidly decreasing at infinity. For two continuous functions 
fi( x ), f2(%) on E smooth outside x — the following simple identity holds true 

/oo 
[f 1 (x)Lf 2 (x)-f 2 (x)Lf 1 (x)} dx 
-OO 

= A(0) [a/ 2 (0) - f 2 (0+) + f 2 (0-)} - f 2 (0) [a/i(0) - /{(0+) + /{(0-)] . 
So the eigenfunctions ip of the operator L must satisfy [?] 

-i/)"(x) = Xtp{x) for x ^0 

(1.2.4) 

V)'(0+) - V'(O-) =«V(0). 

It is easy to see that for any negative a the operator L has exactly one eigenvalue of the 
discrete spectrum 

For a > the discrete spectrum is empty. The generalized eigenfunctions of the continuous 
spectrum can also be constructed explicitly: for any k e M 

Indeed, these functions satisfy (1.2.4) with A = k 2 and 

(f>(x,k) = e~ ikx , x<0 

i>(x,k) = e tkx , x>0. 

This gives 

2k + ia ia 
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Thus the reflection coefficient of the potential u(x) = a S(x) is equal to 

w 2k + ia 
For negative a one has to add the numbers 

«=-|, 6=1 

associated with the discrete spectrum in order to complete the list of scattering data. 

We have constructed the scattering map 

{potential u(x)} i— > {scattering data {r(k), m, . . . , K n , b\, . . . , b n )} 

It will be later shown that, under certain analytic assumptions about the reflection coeffi- 
cients, the scattering map is invertible (see the next section). Let us now describe the time 
dependence of the scattering data assuming that the potential u = u(x, t) depends on time 
t according to the KdV equation. 

We have seen that the KdV equation u t = 6uu x — u xxx is equivalent to L = [L,A] where 
L = —d\ + u and A = 48% — 6ud x — 3u x . 

The next theorem describes the scattering data. 

Theorem 1.2.7. If u := u(x,t) satisfies the KdV equation, then 

1. r{k) = 8ik 3 r(k), 

2. k s = 0, 

3. b s = 8k%, 

for s € {1, . . . , n}. So we have: 

1. r(k) = r Q (k)e s ' k3t , 

2. k s = k s (0), 

3. b s = 6 s (0)e 8K " b = 4 . 

Proof. In the first lecture using the KdV equation represented in the form L = [L, A] and 
differentiating Ltjj = Xtp in time, we derived the following identity 

L(tp + Aip) = \(ip + Aip) + Xtp. 

We use these formulas in the following. 

We take A := k 2 so that k e R is fixed; by definition, A = 0, so ip + Atp is again an 
cigenfunction for A and must be a linear combination of %p and %p: 

tp + Atp = a%p + (3ip, 
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with a :— a(k) and (3 :— (3(k). The behaviour of this new solution at x — > +00 is — Aik 3 e ; 
the behaviour of the right side is ae~ lkx + fie lkx so we must have a = and (3 = —Aik, 3 . In 
the same way we get these results: 

ip + Aip = -Aik 3 ip, V> + Aip = Aik 3 ip, 

<f>+ A<f> = Aik 3 (f>, + A4>= -Aik 3 (p. 

We consider </> = aip + bip and take time derivative: <p = aip + bip + aip + bip . So 
<f> + A<p = ai> + bip + a(ip + A-tp) + b(ip + Atp) 

and substituting what we found before, we have Aik 3 (aip + bip) — h'tp + bip + Aik 3 aip — Aik 3 bip. 
Elaborating this we get differential equation for a and b, obtaining a — and b — 8ik 3 b, 
from which we get f(fc). 

For the last statement, we do the same trick with <j) s + A(p s = 4n 3 (f> s . □ 



1.3 Inverse scattering 

The direct scattering problem is to compute the scattering data from the given u(x); 
so the inverse scattering is the problem to reconstructing u(x) from the scattering data 
(r(k), K\, . . . , K n , b\, . . . , b n ). Let us discuss the properties of the scattering data. 
Starting from the reflection coefficient r(k): 

1. it is a function defined on the real line satisfying the symmetry r(— k) = r(k). Indeed, 
the substitution k —k exchanges the roles of ip with %p, and <j> with (p; moreover, 
r{k) - 0(1) for \k\ -» +00; 

2. \r(k)\ < 1, for every fcgl\ {0}, since the scattering matrix is unimodular; 

3. the Fourier transform 

1 r+00 
f(x):=— y r(k)e lkx dk; 

satisfies + |x|)|f(x)| dx < +00. 

For the discrete spectrum ki,...,k„ and the 61, . . . , b n we do not have many costraints: 
K\ > ■ ■ ■ > n n > are real, b\, . . . , b n are real and non zero and we will see that sign6 s = 

The first question now is how to reconstruct the functions a(k) and b(k) from the scat- 
tering data. We have 

H fc )l = 7j 1 m , 2 . 

y/1 - |r(fc)| 2 

so we must find the argument of a(k). We define 

a{k) :=a{k) mk-ik s y 
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this is again analytic in the upper half plane (since zeroes of the denominator cancel with 
zeroes of a(k)); for k e R, the modulus of a(k) is equal to the modulus of a(k), since the 
rational function 

U(k-ik s ) 

is unimodular for k e R. Moreover, a(fe) has no zeroes in the upper half plane and still 
behaves like 1 + 0{\). We can reconstruct now the argument of a(k) using the Cauchy 
integral applied to log a(k): 



and then 

arg a(fc) = 7 £log " * ^ ~J^k 

The next will be: 

1. define 

:= -f- / r(k)e tkx dk + V ^ 

where a'(fc) := ^a(fc); 

2. solve the Gelfand-Levitan-Marchenko integral equation for the function if = if (x, y): 

r+oo 

K(x,y) + F(x + y) + / ^(x, + y)dz = 0; 



3. prove that u(x) — —2^K(x,x). 

This procedure comes from the theory of the so-called transformation operators: as an 
example, start from L := —d%. and go to —d^. + u(x); from the basis of solution of L , 
(e lfca: ) fcgR we can go to the basis (ip(x, k)) k£R of solutions for L. Remarkably the matrix of 
the transformation operator is (upper) triangular! The following general statement from the 
theory of Fourier integrals is useful for establishing the triangularity. 

Lemma 1.3.1. If f(k) is analytic in the lower half plane and behaves like 0{\) for \k\ — > 
+oo, then the Fourier transform 

1 r + °° 

is zero for x < 0, and viceversa. 

Proof. The shift k i— » k — ia with a > changes the exponential from e' lkx to e tkx + ax _ Such 
a shift docs not change the integral. Therefore the modulus \f(x)\ for negative x admits an 
upper estimate as small as we want. □ 
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Let us denote tp_ := %p. It admits an analytic continuation into the lower half plane 
3fc < 0. Moreover the product 

admits an asymptotic expansion of the form 

X-(x,k)~l + 0(^), |fc|-»oo, 3?fc < 0. 



Denote 

i r+oc 

I P iky 

2TT J_ 

the Fourier transform of X-(x, k) — 1 with respect to k. Due to Lemma 

A(x,y)=0 for y < 0. 
Now taking the inverse transform we get 

r+oo 

X-{x,k) = 1+ / A{x,y)e- lkx dy, 
Jo 

where the integral starts from thanks to the lemma. Finally 

r+oo 

1)-{x,h) = e~ ikx + / A(x,y)e- ik ^ x+ ^dy = 
Jo 

r+oo 

= e~ ikx + / A(x, y - x)e' lky dy, 

J X 

changing variable (y := y + x). Denoting K(x, y) := A(x, y — x), we get 

r+oo 

^(x,k) = e-* kx + / K(x,y)e- lky dy. 

J X 



Applying complex conjugation and k i— > —k to this formula, the only thing that changes is 
the conjugation of the kernel K(x, y); therefore it must be real for y > x. 

Let us derive the GLM equation. From cf>(x, k) = a(k)ip(x, k) + b(k)ip(x, k), muliplying 
by and integrating with respect to k, we obtain 

( + °° ^^-e iky dk = [ + °°(iP-(x, k) + r(kU(x, k))e lky dk. 
J-oo a{k) J_ 00 

Since these integrals will be not well defined, we subtract something: 

l +00 (^TTT- ~ elkX ) etkVdk = k) - e lkx + r{k)i){x, k))e lky dk. 

J-oo V a \k) ) J-oo 
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In the left hand side we have the fraction which has a finite number of simple poles (not yet 
proved, but will be); after the subtraction we have the desired behaviour at infinity (O(^)) 
and so we can express the left hand side as a sum of residues for k G {mi, . . . , in n }: 

^ a'{iK 8 ) 

Now, <p{x,in s ) ~ b s e lKsX for x — ► +00; but <f>{x,iK s ) — b s ip^(x, —in s ) and 

/•+00 

ip-(x,-iK s ) = e K ' x + / K(x,y)e~ KsZ dz. 

J X 

Finally, the left hand side is 

2ni V b -^— + 27rz / K(x, z) V ^ - dz. 
a'{iK s ) J x ' ^ cl'(ik s ) 

From property of the Fourier transform on the right hand side, we justify the additional 
terms in the GLM formula. 

From the integral equation for X-( x > k) we see that 

X-(z,*0 = l+2^j[ u(x)dx + 0(^) 

Comparing with 



p+00 

X-(x,k) = 1+ / A(x,y)e- lkv dy 
Jo 



What we would like to prove is that | J^°° u(x)dx = K(x, x). 
1.4 Dressing operator 

We recall briefly some properties of the Fourier transform of an intcgrablc function f(x) 
with x G (—00, +00). The Fourier transform of / is 

+00 

dx, 



1 f + °° 



where the coefficient is a normalization one that can be changed if needed. The inverse 
Fourier transform is 

r+00 



/+00 
f(k)e~ ikx dk; 
-OO 



infact, 

f(x) = — dk dye-^y\f(y)= dyf(y)— e~ ik ^dk 

i-K J_ 00 J_ 00 J_oo ITT J_ !x 



and &I-Ze- ik (*-y)dy=:6{x-y). 
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We study now the decay at oo. If / e C^(R), then f(k) ~ 0(\k\~ m ). Indeed, by 
integration by parts: 



2tt 



+ 00 



/(£) 



de 



kx 




2irik 



f'(x)e ikx dx. 



We define now the transformation (or dressing) operator. We have ip(x,k) = e' lkx + 
K(x,y)e iky dy and ip-(x,k) = e~ lkx + K(x 7 y)e~ lky dy. What is behaviour of tp 
for |fc| — > +00? We can repeat the same argument as before: 



ip(x,k) 



e ikx + 



- k K{x lV y k y 



+00 



1 

ik 



+00 



K y (x,y)e ikv dy 



but now the first term do not vanish since the lower limit is x. Iterating these arguments 
we can expand asymptotically ip(x, k) (obviously if K is infinitely differentiable in y). So we 
have 



ip(x,k) 



1 + 



+ ... e 



kx 



ik ■ (ik)' 

We observe that ^ is the integral of the exponential, so we may write 



Akx 



ik 



= d~\e^) 



so that we have 



1>{x, k) = (1 + ^d- 1 + U^)d- 2 + ...)( 



The operator between parenthesis is called the dressing operator P. If tp is a solution for 
the Schrodinger operator L, then tp = Pipo, where ipo is a solution for L = —d%- Then we 
could say that L = PLqP^ 1 . 

Now we use the dressing operator to obtain a different way to derive of the GLM equation. 
We have 



a(k) 



-ik:> 



dk 



-ikx 



+ r(k)tp(x, k)dk. 



since a(k) <~ 1 + an d 4>{ x -> k) <~ e~ tkx , for |fc| — » +00, then, as we did before, we must 

subtract e~ lkx to both side to obtain an intcgrable function. Then we can take the integral 
in k: 

f + °° cP(x,k) 
i-oc a(k) 

We multiply both side by e lky so that the left hand side is the sum of the residues relative 
to the k 8 : 

(x,ik s ) - aliksfe*^ 
a'(ik s ) 



/+00 
ip-(x,k) 
-OO 



2 ™E 



but now we can rewrite it using the dressing operator. Substituting (p(x, ik s ) with b s tp(x, ik s ) 
and ip(x, ik s ) with e~ ksX + J^°° K(x, z)e~ ksZ dz, we obtain this form for the left hand side: 

n , r+oo n , 

2« F — ^- e -M*+2/) + 2m / X(x, z) V e- fc '(*+»)d«. 
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As for the right hand side, 

f +00 



(ip-(x,k) — e~ ikx )e ikv = / K(x,z)e- lk< - z - y Uz, 

J X 

so integrating by k we have 2tt K(x, z)5(z — y)dz — 2-kK(x, y). We have to add the last 

part of the right hand side, r(k)ip(x, k)e lhy dk, that we change again with the dressing 
operator: it is 



/i-00 r-too />i-oo 

r(k)e lk(v+x Uk = r(k)dk K (ar, z)e lk{z+y) dz = 

-00 J — 00 J — 00 

r+00 

= 2irf(x + y) + 2tt / K(x, z)r(z + y)dz. 

J X 

Summing up, we can divide all terms by 27r, obtaining the equation 

* E -i^r-^- k ' {x+v) + * [ + °° K{x, z) V -^e- k -(* + y)dz = 



r+00 

= K(x,y) + f(x + y) + / K(x, z)f(z + y)dz; 

J X 



after moving i to the denominator, we get 



r+00 / n b 

+ K(x,y) + j x Kix,z)^z + y) + Z^ 

The sum of the first two terms is what we called before F(x); after this substitution we have 
the GLM equation. 

To derive the formula u(x) — —2j^K{x,x), we observe that £i(x) = —K(x,x), so 
substituting ip with (1 + + . . . }e lkx in ip" + uip = k 2 ip gives the formula. 

The last thing that was left to prove is that the zeroes of a(k) are simple, i.e. a'(ik s ) ^ 0. 
Starting from L<p = k 2 <f), derivating by k we have L<j)' = k 2 (f>' — 2k<j) so (L + k 2 )<f)'(x, ik s ) = 
—2ik s <f)(x,ik s ). Multiplying by (j)(x,ik s ), integrating in x and denoting <j> := <p(x,ik s ) and 
(j)' := (j)'(x,ik s ), we obtain 

/+00 r+00 
(L + k 2 s )4>(t>'dx = -2ik s I <j) 2 dx. 
-00 J —00 

Integrating by parts we have 

/+00 
<j> 2 dx. 
-OO 



1G 



We know that </> 2 is exponential decaying at oo; as for the left hand side, <f> has the same 
property and 

, ] xe ksX x — > — oo 

I a'(ik s )e ksX + . . . x — » +00 

where the omitted terms are exponentially decaying. After working on the previous identity, 
we finally get 



/+00 
(j> 2 (x, ik s )dx e R + . 
-oo 



With this last statement we also proved that the sign of b s are alternating. 



1.5 Particular case: reflectionless potential 

To solve the initial value problem for KdV in the class of rapidly decreasing initial data 
Uo(x), we have to: solve the scattering problem (find r(k) for the given potential u (x), the 
k s and the b s ); define the function 



then solve the GLM equation 



+00 



F(x, t) := — / r(k)e tkx+8tk l dk + ^ 



^ e -k s x+Sklt 



—{ ia'(ik s ) 



p+00 

K(x,y,t) + F{x + y,t) + / K(x, z, t)F(z + y, t)dz = 0; 

J X 

finally compute u{x,t) — —2j^K(x,x,t). 

This is not really all computable. We'll try to solve a particular case, in which r(k) = 
(this case was previously solved by Bargmann in 1949). In this case, the first term of F{x 1 1) 
vanish and the integral equation can be solved explicitcly. Forgetting for the moment about 
time dependance, we have 

F ( x ) = E "ttW^ 

v ; ia'{ik s ) 

and the fraction is a real positive coefficient that we'll denote with c s . Then 

[■+00 n n 

/ K{x, z) Y e- k ^ z+y) dz = Y c a {x)e~ k ' v , 

J* s=l s = l 

where c s (x) = c s K(x, z)e~ ksZ dz. We look then for solutions like K (x, y) = Yl7=i Ki(x)e~ kiV : 
substituting what we know in the GLM equation we get 

n n n />+co n 

Y^{ x )e~ klV + Y c ^~ kdX+V) + E / Ki{x)e- kiZ Y c i e ~ ki{z+v)dz = 

Jx • 1 



i=l i=l 

and this last term is equal to 



i=l 



+00 



c k e 



-kjy 
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Now we can put the equation in the form of a linear system of n equations 



fcj -h kj 



e {l,...,n}. 



So the matrix of the system is ^4 such that 



ki -\- kj 



and we can solve the system with Kramer's rule Ki — d j t c f^ > ■ 
After this we have to compute K(x, x): 



i=l 



det A(J') 
det A 



-kix 



n det A ' . 



We define another matrix A incorporating the exponential so that K(x, x) — Y^j=i dot A 
to do that, AW is obtained from A substituting the j-th column in this way: 



ci- 



1 + c 



-(ki+k s )x 
ki +kj 



\ 6 ™ fe„+fc 3 / 



/-cie-( fel+fe ^ x \ 
—Cje~ 2kjX 



We observe that the substitution is really a differentiation so that we get 

!,detA d 



K(x, x) 



det A dx 



= — log det A(x) 



and then 



d 2 

u(x) = -2 — r log det A(x). 
dx z 



Studying the reflectionless case, we saw that F(x) assume the form cte~ kiX with 

Ci positive real constants. This allows us to solve the GLM equation as a system of n linear 
equation for the n unknowns K\(x), . . . , K n (x). Then we arrive to the potential u(x) as 



-2^ log det A. 



Now we'll inspect the dependency on time. We recall that c s was defined as — - 



i(ik s ) ' 

the numerator does depend on t, but the denominator does not. Including time dynamics 
we get c s i— > c s e 8fe s'. 

Exercise 1.5.1: Denote uoi := ki(x — 4fc?t); let 
prove that u(x,t) — — log det A{x, t). 



kj kj 
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In the case n= 1, we have 

A=l + 



ce -2kx+&k*t 
2k 



so that 



■log A 



1 ~r 2k 



_c_ „~2kx+8k 3 t ill ol 

2A- 2i 2/, 



1 + J ^k i + ^T 



deriving again, 



d 2 , „ 2/cce- 2fa+8fc3t 2fcce^ 3ar 
TT lo S A= 7 , = 



2ft/ _ fc 2 

2 ~~ cosh 2 (/c(a;-4fc 2 t - x Q )) 



where x = ^log^. 

Then the solution of KdV is 



u(x, t) = 



2k 2 



cosh (ft (a; - Ak 2 t - x )) 



which is called the soliton solution. This solution is moving to the right with constant speed 
4k 2 ; x is just interpreted as a phase shift. For fixed t, the graph of the solution resemble 
the opposite of a bell; as time goes on, the bell travel to the right. Another way to see this 
is to find solution to the KdV in the form u = u(x — ct). 

Substituting in the KdV, we get — cu' — Quu' — u, that is —cu = 3u 2 — u" + a, i.e. 
u" = 'iu 2 + cu + a. This is the equation for the motion of a particle in a specific cubic 
potential V :— V(u) defined by u" = — dV d ^ ■ the potential is then 

T 7 / \ 3 ^ 

V{u) = — u — c— + au + const. 
We can solve this equation using the conserving of energy: 

and we get the elliptic integral 

du 



I 



^2(E - V(u)) 



= X — Xq. 



Now we have to use particular values of the integration constants to impose the decaying 
behaviour of the solution. In particular we have to choose the right energy level E in such 
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a way the particle can pass over the mountain of potential given by the cubic polynomial. 
If we choose a lower energy level, then the solution is periodic and is called a cnoidal wave; 
if the energy level is greater, then the solution does not decay at infinity. 

If n > 1 we have a nonlinear interaction of solitons with different xq; asymptotically 
they look like a sum of noninteracting solitons; but for finite time there may be nontrivial 
interactions deriving from the different velocities. In particular, at the beginning the amplest 
bell will be on the left (since its xo is lower), but at infinity it will be on the right (since its 
velocity is greater) . If we denote with x l the phase at a particular time, we get 



1.6 Bloch spectrum of the Schrodinger operator with a periodic 
potential 

We now consider smooth real periodic potentials 



Theorem 1.6.2. 

1. The Bloch spectrum is a collection of (finite or infinite) real intervals [Ai, A2], [A3, A4], . . . 
with Ai < A 2 < A 3 < . . . . If there are only a finite number of intervals, then the last 
one is [A 2n+ i, +00]. 

2. Consider the Riemann surface 



(we will explain later how to manage the infinite interval case); then for any x G R, 
there exists a function tp(x, P) meromorphic in P G T such that: 

• its poles are not in some interval (A 2 j_i, A 2i ); 

• the restriction of %p{x,P) t° the internal part of the Bloch spectrum (i.e., P 

A. u) is such that A G (A 2i _ 1; A 2i ) ) is a pair of independent solutions tp t (x, A) to 
L%p t = Xip t bounded for every x G M; 

• tp(x, A) has exponential behaviour at infinity. 

Example 1.6.3. If u(x) = m , then Lip — \ip corresponds to ip" — (u — \)tp and its 
solutions if A 7^ m are tp±{x,\) := e ±l ^ x - UaX . At least one solution is bounded for every 
x e R if and only if VA — uo is real; this means that A £ 1 and A > u n . Hence the 





u(x + T) = u(x) 



of the Schrodinger operator. 



Definition 1.6.1. The Bloch spectrum (or stability zonej is the set 



A e C such that 3 solution to Lip — Xtp, bounded \/x G R. 



T:={(\,v)eC 2 \v 2 = H(\-K) 
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Bloch spectrum is constituted by only one interval [uo,+oo]. If A > uq, both solutions are 
bounded; instead if A = Uo, ipi = 1 and ip 2 — x are the two solutions. The solutions ip± are 
not analytic on all the complex plane for A, since we have a square root. But it is analytic 
on the Riemann surface given by v 2 = A — u : infact we can rewrite the two functions as 
a single function ip±(x,v) — e lux . What we are doing is take two sheaves over the inner 
part of the interval glued at A = u ; the two- valued function tjj (considered as a function of 
A) becomes a single- valued function (considered as a function of v). In general, for every 
bounded zone in the Bloch spectrum, we obtain a circle. 

We now define the monodromy operator as Ttp(x) = ip(x + T). If we fix A, we have a 
2-dimensional solutions space to Lip = Xip; we denote //±(A) the two eigenvelues of T in the 
solutions space (depending on A). 

Lemma 1.6.4. The Bloch spectrum contains A e C if and only if there exists an eigenvalue 
/x(A) of T such that |/u(A)| = 1. 

Proof. If |/i(A)| > 1, then \tp(x + nT)\ — \fj,(X)\ n \tp(x)\ goes to infinity on the right; if 
\n(X)\ < 1, it goes to infinity to the left. □ 

We have now to choose a basis for the space of solutions to Lip = Xip. We fix x e R and 
let c := c(x,Xo,X) and s := s(x,Xo,X) be such that c\ XQ — 1, d. = 0, S| XQ = 0, s', = 1. 
Any other solution y such that y\ XQ — yo and y'^ Xg = y' is represented as cyo + sy' . 

Example 1.6.5. If u(x) = 0, then c = cos V^(x — Xo) and s = -4= sin \/X(x — Xo). In this 

v A 

case both functions are entire functions in A (since cosine is an even function and sine is 
odd). 

Lemma 1.6.6. The functions c and s are always entire functions in A. 
Proof. The function c as a function of x is determined by 

'" x sin \/X{x - y) 



c(x) — cos V X(x — x ) + 

J x 



Vx 



-u{y)c{y)dy; 



for s, we have 

sin \/X(x — x a ) f x sin VX(x — y) 



f x sin VX(x — y) , . , . , 
+ J j= y, u{y)s{y)dy; 



VX Jx 

expanding this functions we get the analyticity. □ 

We define the monodromy matrix as 

, . _ fc(x + T,x , A) s(x + T,x ,X)\ 
M*o,aj- ^ ( . To + TjXO;A) s >( Xo + T,x ,X)J 

so that 

(c(x + T, x , A), s(x + T, x , A)) = (c(x, x , X),s(x, x , X))T(x , A). 

As a corollary we get that the monodromy matrix T is composed by entire functions in 
AeC. 
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We begin the study of the solution of the Schrodingcr operator L in the case of a periodic 
data u of period T. For a given parameter A e C and a given xq £ K, we defined a 
basis (c = c(x,a;o,A),s = s(a;,a;o,A)) of the space of solutions of Lip = \ip, given by two 
entire function in A. We also defined the monodromy operator Ty(x) = y(x + T) and the 
monodromy matrix T(x$, A); the entries of this matrix are also entire in A; moreover, T is 
unimodular, because in the space of solutions we have an antisymmetric bilinear form (the 
Wronskian) which do not depend on x and in particular on the shift by a period. Let fi an 
eigenvalue of the monodromy operator and ip an eigenvector (also called a Bloch function) , 
so that ip(x + T) = ^iip(x). 

To find [i we have to find the eigenvalues of T(x , A), i.e. the roots of det(/x/ — T) = 0. 
To write down this equation, denote with A the half trace of T: it depends only on A 
(and not on x ), since changing the choosen basis (c, s) conjugate T with an invertible 
matrix A, but this do not change A. It is also an entire function and we can write the 
characteristic polynomial as [i 2 + 2A(A)^ + 1 = 0, since T is unimodular. So, the solutions 
are /U±(A) = A (A) ± iy/l — A 2 (A). It will be clear why we put the i in front of the square 
root. 

In particular, if A e R, then A(A) € K (since c and s are real if the initial data is real) 
and this tell us something about the module of A: 

1. if |A(A)| > 1, then from € M. and fi + + ^_ = 2A, we get |^ + | > 1 and < 1, 
so A is outside the Bloch spectrum; 

2. if |A(A)| < 1, then from = p, + we have |yU+| 2 = 1, hence A is in the Bloch spectrum. 
Lemma 1.6.7. // |/x(A)| = 1, then AeR. 

Proof. There exists 4>(x) such that Lip = \ip and ip(x + T) = /j,ip(x). In particular ip(x n + 
T) = fiip(xo) and ip'( x o + T) = ^,%p'(xa)- The complex conjugate function %p satisfies Lip = 
Xip, ip(xo + T) = fiip(x ) and tp'(x + T) = Jiip'{x a ). Therefore 

[Xo+T fXQ+T 

(A -A) / \ip\ 2 dx= / (ip Lip - ip Lip) 

J x J Xo 

= [lPi>' -4>i>'] X x°o +T = ClMl 2 - 1) {1>{X W{X Q ) MxoWfa)) ■ 

The right hand side vanishes, since \fi\ = 1. Hence A = A. □ 

In other words, the Bloch spectrum is equal to the set of A € K such that |A(A)| < 1. 
Example 1.6.8. If u = u , we already saw that 

c = cos \/A — u (x — xo) and s= \ sin ^ \ — u (x — x ). 

VA-uo 

Then A (A) = cos y/X — uqT. The square root is real and positive if and only if A is real 
and greater or equal than uq. For A real and less then uq, the cosine becomes a hyperbolic 
cosine, and we can draw the graph of A depending on real A: before u it comes from above, 
reaching A = 1 for A = uq, then it oscillates between A = — 1 and A = 1. The points 
where it reaches this bounds are the ones with A = u + (^) 2 and they are the spectrum 
of L = —d 2 + u . In particular, for n even we have periodic eigenvectors and for n odd we 
have antiperiodic eigenvectors (i.e., ip(x + T) = —ip(x)). 
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We now look to deformations of constant potential. If we start from u — u$, then after 
a deformation sure it cannot happen that an eigenvector (periodic or antipcriodic) vanish, 
i.e. the graph cannot be included in |A(A)| < 1. Instead, if it rises above |A(A)| = 1, the 
Bloch spectrum splits in some number of intervals, potentially infinite. Before, at a point 
with |A(A)| = 1, we had two equal eigenvalues corresponding to the same energy level; after 
the deformation, the two eigenvalues split in two different ones. 

We have to justify something anyway: 

1. that in intervals of the Bloch spectrum the graph of A has to be monotonic, even after 
a deformation; 

2. roots of |A(A)| = 1 are at most double (i.e. we have a simple maximum or a simple 
minimum, like before the deformation, or a transversal intersection, like after). 

For generic A (outside some isolated points) there are two linearly independent Bloch 
functions, i.e. two roots /i±(A) and two functions ip±(x,X) (the functions are not really 
unique, but they're determined up to normalization, for example they may be such that 
ip{x ,X) = 1). 

Consider the log derivative: 

*X±{x, A = —7 rv- 

tp±(x,x Q ,X) 

It does not depends on x (since choosing x changes both the solutions and its derivative 
by a common factor) . We write now the Riccati equation 

ix' - X 2 = u - A. 

Lemma 1.6.9. Let AeR, then 3?x = 

Proof. From Riccati, we get (3?x)' — 29x^X = 0- ^ 
Lemma 1.6.10. 

, ( ^ < w 1 ±Vi-A 2 (A) + ^(r 2 ^ 2 -r M ) 

W±(x,xq,X) = c(x, xo, A) H s(x,x ,X). 

1 1,2 



Proof. From ij)(x, Xo, A) = ac(x, x , A) + bs(x, Xo, A), let x = x then 1 = ip = a (from the 
normalization) ; then T^^^=A^^^. □ 

Corollary 1.6.11. 

±v/l-A 2 (A) + |(T 2i2 (x , A) - T 1A (xo, A)) 



X±(x,X) = 



Ti,2{xq,X) 



Proof. From ip = c + bs, we may compute b by taking derivative: xp' = c' + b's; restricting 
to x = x , d vanish and s' becomes 1; hence we have ix{x 0l X) = b. □ 
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This means that in the Bloch spectrum, we have 



y/l-A^A) 

T2, 2(x , A) -ri,i(x ,A) 



2T 1;2 (z ,A) 



The functions //±(A) are not analytic, since there is a square root. Hence they have 
branch points at the roots of |A(A)| = 1. If A is not a branch points, there are locally two 
solutions ji + and moreover, there are locally two meromorphic eigenvectors ip + and ip_ 
(they may have poles). If Ao is a branch point, then A(Ao) = 1 or A(A ) = — 1; walking 
along a small loop around Ao, the two eigenvelues could interchange; but if the multiplicity 
is odd (i.e. it is 1, since it is less or equal to 2) that can't happen. Let us study the poles 
of tp±: they can be at points A such that Ti i2 (xo, A) = 0. 

Lemma 1.6.12. 

1. Roots of Ti^(xq, X) = are real. 

2. They are not in the inner part of the Bloch spectrum. 

Proof. The reality of the roots is related to the self- adj ointment: recall that Ti i2 (xo,A) — 
s(x + T, xo, A); we imposed that s(x , Xo,X) = 0, so it Ti i2 = we have s(x + T, x 0} A) = 0. 
Then A is an eigenvalue of the Dirichlet spectrum on [x , x + T]. 

Now it X1.2 = 0, the unimodularity says that Ti^T^p = 1 and the reality of A says 
that \\T\ t \ + T 2 .2\ < 1- The case where the poles are in the border are precisely when T^i 
and T 2j2 are both 1 or both —1. This allows also roots of Ti j2 in case of a maximum or 
a minimum at |A(A)| = 1 (so that this point is inside the Bloch spectrum); but if Ao is a 
double root of |A(A)| = 1, then also Ti ;1 = T 22 so that ip± has no poles at A (provided 
that Ti j2 have only simple root at Ao). □ 

Example 1.6.13. Recall the case u = u ; then Ti ;2 roots are simple; when perturbing, we 
open some real gaps between the intervals of the Bloch spectrum, and the root still remains 
in these gaps and cannot merge into roots of higher order. 

We saw the behaviour of the function A(A) for Ael. Points where the graph intersects 
A(A) = 1 are the eigenvalues of the periodic problem and we have Ao < Ai < A 2 < A 3 < . . . , 
where the less or equal is equal if the corresponding gap is reduced to a point. If instead 
A(yu) = —1, fi is an eigenvalue for the antiperiodic problem and we have again /xi < yU 2 < 
A*3 < • • • • 

Remark 1.6.14. The set {Ao, Ai, . . . } and the set {/ii, /i 2 , . . . } are not independent. In other 
words, we may fix one of the two and the other will be determined. Indeed, from the theory 
of entire function, fixed for example the first set, we can express A in terms of an infinite 
product: 



A(A)-1 = -(A-A )n 



A„-A 
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1.7 Properties of the monodromy matrix 

We saw that the eigenvalues of T, /i — /i± (A) are determined from the equation /i 2 — 2A(A) + 
1 = 0. Two branches collide (i.e., [i + = when |A(A)| = 1. Branch points are subdivided 
in: 

1. 1 — A 2 (A) has a simple root at Ao; 

2. 1 — A 2 (A) has a double root at A . 

Indeed we will see that cannot happen a root of multiplicity greater than 2. What is the 
local behaviour of fi(X) when A is near A ? In the second case, we have the Taylor expansion 
1 - A 2 (A) = a(A - A ) 2 + 6(A - A ) 3 + . . . with a ^ 0; then 

v/l-A 2 (A) = 7a(A - A ) (l + ^(A - A ) + . . . ) 

or the same expression with a minus. In other words, we have two functions with the same 
eigenvalue, so we have no branch points in this case. Instead, in the first situation, i.e. if we 
have only one root, the Taylor expansion is 1 — A 2 (A) = a(X — A ) + b(X — A ) 2 + . . . and 



v/l-A 2 (A) = ±^X - A ^1 



Doing a small loop around A , then y/X — A i-^ a/A — A e^ and at <j> = 2ir, the square root 
becomes negative. 
Properties: 

1. all roots of 1 — A 2 (A) are at most double; 

2. A(A) is monotone and increasing on the intervals (^2i,^2i-i) and monotone and de- 
creasing on the intervals (A 2 i,^2i+i); 

3- Ti t 2(xo,X) has just one simple root in every gap (i.e. in every interval of the form 
[A 2 i-i,A 2 i] and in every interval [fJ,2i-i, fJ>2i])\ in particular if some gap is closed, i.e. 
^2i-i = ^2i, then this is a simple root of T i 2 - 

We defined the Bloch functions for a generic A € C as if>±(x, Xo, X) such that ip±(x + 
T,xq,X) = fi±(X)ijj±(x, xo, A), normalized in such a way that ip±(xo,xo, X) = 1. We also 

wrote i/j±(x, xo, X) = c(x,xo,X) + ix±( x o, X)s(x, xq, X) where x±(ir,A) = \^ does not 
depend on the normalization. We also saw that we can write 



x±0, A) 



±yj - A 2 (A) + \(T^(x, X) - T 2 .2{x, A)) 
Ti a (x,X) 



The functions s and c are entire in A, but \± 1S n °t since it has a square root. But we can 
see x as a two valued meromorphic function in A with branch points at the simple zeroes of 
1 — A 2 (A) = 0. In particular, poles of x±{ x Qi can be only at zeroes of Ti^ixo, A). 

If the gap is reduced to a point, then 1 — A 2 (A) has a double root, its square root has 
a simple root; also Ti^^cA) has a simple root; moreover, Ti^(x , A) = T 2 . 2(^0, A): infact, 
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at A we have two independent eigenvectors for the same eigenvalues and this means that 
the monodromy matrix is plus or minus the identity matrix. So the simple zero of the 
denominator cancels with the simple zero of the numerator. We have proved that zeroes of 
X± may happen only on nondegenerate gaps. 

we are going to prove a stronger statement: if we have two branches il>±{x, Xq, A), only 
one branch may have pole at a given A. This is clear from the next lemma. 

Lemma 1.7.1. 

ip+(x,x , \)ip_(x,x ,\) = rv 

Ti,2(aro, A) 

Proof. We have ix±{x, A) = logip±, so 

— log ^> + V- = i(x+{x, A) + X-{ x i ^)) = — ^ • 

ax l 1:2 (x,X) 

But we have seen that if A e R, = Is l°g(^x)- So, inside the Bloch zones, we have 

fr v= V1-A 2 (A) l T hl (x,\)-T 2 , 2 (x,\) 
X T h2 (x,X) X 2 Ti, 2 (x,A) 

Applying all this, we have 

d - log(^_) = - d - log ^ ~ A2(A) = + d -lo g T h2 (x, A), 
da; dx 2i i2 (a;, A) ax 



Now we have 



f x d 

log^+V'- = y — logTi )2 (a;,A)dar = logTi ) 2(ar,A)-logr li 2(a;o,A). 



□ 



1.8 Differentiating with respect to the spectral parameter 

We define the Bloch quasimomentum p(X) in such a way that /u(A) = e 4p ( A ) T , i.e. p(X) = 

log/i(A), or A(A) = cosp(A)T. It is called quasimomentum since ip±{x, x a , A) = e ±lp ( A )( x_a:o )<^±(a;, a^o, ty, 
where <j>± are periodic on x. 

Remark 1.8.1. The Bloch quasimomentum is determined up to change of sign and shifts by 

2irn 
T ■ 

Lemma 1.8.2. 

dp(A) _ 1 
dX ~ f 

Proof. We use a trick: from 






x +T 



T lt2 (x,X) 
2^1-A2(A) 



dx 



-y" + uiyi, 
-y 2 + u 2 y 2 , 



(1.8.1) 
(1.8.2) 



2G 



we have the identity 

faiyiy'z - vim) = - u i)2/i2/2- 

So 

x +T f Xo+T 

[2/12/2 - y'iy2] X x ° + = (u 2 (x) - u 1 (x))y 1 (x)y 2 (x)dx. 

J x 

Now we choose U\ := u — X and u 2 := u—\+5u; moreover we fix A so that |Ai(A)| ^ 1 (i.e. we 
can choose just one analytic branch of the quasimomentum) ; then for small Su also |A 2 (A)| ^ 
1. Also, let yi := tpi- and y 2 := tp2,+', then ij)\ t -(x + T, xo, A) = e~ tpi ( A ) T i/;i : _(:z:, x , A) and 
i>2,+ {x + T, xo, A) = e tp2 ( A ) T i/>2,+(x, xo, A). Substituting all this into the first equation, we 
get in the left hand side (y' 2 (xo) — 2/i( a; o))(e^ P2_Pl * |T — 1) (the exponential comes from xq + T, 
the 1 from x ) and in the right hand side 5u(x)ipi^_(x)ip 2t+ (x)dx . So approximately, 

we have 

f-xo+T 

(VV0r o ) - ^_{x )){i8p{X)T) ~ / 5u(a;)^_(a:)V + (a;)da:; 

J Xo 

now we replace the first parenthesis by 

_ 1iyJ\- A 2 (A) 
21,2(2:0, A) 

so that, after simplifying T li2 (a; ,A) with the one coming from ip_(x)ip-(x), we have 

Sp = — ^- f Su(x) — ^ 1 ' 2 ( x ' Q —dx. 
Tj xa ; 2^1-A2(A) 

Choosing (5u(x) = — dX, we get the result. □ 

The previous lemma proves property two (monotonicity of A(A)); infact in a zone, Ti j2 
has always the same sign (it has zeroes only on the gaps); and the denominator is always 
positive. Another corollary is that 

Sp T li2 (x,X) 



Su(x) " 2y/l- A 2 (A)' 

With a little work, we may derive from this lemma also the first property (the simplicity of 
the roots). 

Theorem 1.8.3 (Sturm). Let y\, y 2 , u\ and u 2 be real functions satisfying (1.8.1) for all 

x G [a, b] , and let u\ (x) > u 2 (x). Assume that y\ [x) has n zeroes a < x\ < x 2 < ■ ■ ■ < x n < b 

r / 1 r / ■ 

and that ^ > ^ . Then also y 2 {x) has at least n zeroes on (a, b}. Moreover, y 2 {x) 

- Vl i a l v ' 2 i a 

has at least n zeroes on (a,x n ) if u\{x) > u 2 {x) for every x G [a, x n ]. 

We can apply Sturm theorem to ip(x,X') and tjj(x,X"), where (A', A") is a gap in the 
Bloch spectrum. We obtain that tp(x,X') has n zeroes on [x ,x + T] and tp(x,X") has at 
least n + 1 zeroes on the same interval. 
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1.9 Finite gap case 

We request now that the gaps are a finite number, i.e. Ai, . . . , \2n+i are simple eigenvalues of 
the (anti)periodic problem, n is the number of gaps. We recall that in every gap there is ex- 
actly one zero of Ti :2 (xq, A) that is called 7^(20). Then in our situation, jj(xo) € [X2j, A2j+i]- 
The other zeroes are trivial since they must be in the only point of the degenerate gaps. 
We introduce two polynomials: 

2n+l 

R(X) := H (A-A s ), 

s=l 

n 

P(X,x) :=n( A -^(z))- 
Lemma 1.9.1. For a finite gap potential: 

X±[X ' A) P (A,x) 

Proof. At a double zero A of 1 — A 2 (A) we have that \J\ — A 2 (A) is an analytic function 
with a simple zero at Ao; we have seen that zeroes of the numerator and of the denominator 
cancel; once cancelled, we have 



X± (x,X) = c(x,X) ^ , 

where c is an entire function without zeroes. At |A| — > +00, we have ix' — X 2 = u — A, so 
that x~ V\ + 0(^). So 3?x = VX + 0{^) and 3?x = 0({); then 



p(a) AnII n =i ^_^ ■ 



Grouping the A, we have VX so that c ~ O(l) and applying Liouville theorem, c = 1. 

As an exercise, prove that - 1 ^P(A, = |(Ti ; i-T 2i 2), usingthat 3% = |(log3?x)'- □ 

In the case of finite gaps, we obtain a Ricmann surface v 2 = Ils=t 1 (A — A ). In this case, 
we can compactify with a point at infinity, obtaining a sphere with n handles. 

Corollary 1.9.2. 

1. For every x, x(x,X) is an algebraic function on the compactification ofT; 

2. ip±(x,x , X) are meromorphic functions on T \ {00} and have simple poles at X = 
7l (x ), . . . , 7 „(x ) and ^±(x,x , A) = e WA(*-* )(i + 0(-*=)). 

How to compute finite gap potentials? 
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Lemma 1.9.3. The zeroes o/Ti^ satisfies 



Uk&hj -7fe)' 



Lemma 1.9.4. 



n 2n+l 

<x) = -2^ 7j (x) + ]T A s . 

3 = 1 s=l 

Example 1.9.5. If n = 0, then x = \A — Ao and u = Ai. 

Example 1.9.6. If n = 1 then the associated Riemann surface is an elliptic curve: t/ 2 = 
(A — Ai)(A — A2)(A — A3). Let 7 := 71 be the only nontrivial zero; then u = — 27+A1 + A2 + A3 
and integrating by quadrature 7' = —2i^J (7 — A1X7 — A 2 )(7 — A 3 ) we have 



^0 V(7-Ai)(7-A 2 )(7- A3) 

Last time we explored the time dependence of a finite gap potential: we are looking for 
solution to the Cauchy problem where u(x, 0) = u (x) is a finite gap potential. This implies 
that u(x, t) still is finite gap with the same spectrum. Ig Ly — Xy with A fixed, we have seen 
that y + Ay satisfies again the same equation, with the same A. Applying this argument to 
y = c or y = s, we get that c + Ac and s + As are linear combinations of c and s, i.e. 

c + Ac — Vi.ic + Vi,2S, 
s + As = V 2t ic+ V 2t 2S. 

The matrix V depends obviously on x n and A. 
Lemma 1.9.7. 

it' -2(u' + 2A) 



y = y(x ,A) = 



-2(u- A)(u+2A) 



Proof. Consider y + Ay; then y" = (u — X)y and y = (u — X)y' + u'y. Easily we have 
Ay = -2(u + 2X)y' + u'y. So 

[c + Ac] x=Xo = [c-^^X^ +u'c] x=xo = [V hl c+\^\ x=xo . 

Moreover c = 1 and c = so that Vi^i = u'. Applying the same argument to s we get 
Vi, 2 = — 2(u + 2X)s'. The second row is obtained deriving the two expressions used before 
by x. □ 

Lemma 1.9.8. Consider the monodromy matrix T(x , A); then T = [T, V]. 

Proof. We have (c(x + T), s(x + T)) — (c(x), s(x))T; moreover (c(x),s(x)) = (c(x), s(x))V. 
So (c(x + T), s(x + T)) can be computed in two ways: in the first it is (c(x + T),s(x + 
T))V = (c(x),s(x))TV; in the second it is (c(x),'s(x))T + (c(x), s(x))t = (c(x), s(i))7T + 
(c(x),s(x))T. Then 

(c(x),s(x))[T,y] = (c(x),s(x))T. 

□ 
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Corollary 1.9.9. The characteristic polynomial of T does not depend on time (in other 
words, the eigenvelues of T does not depend on time). 

Proof. We know that the determinant of T is always 1 by unimodularity; we only need to 
prove that also the trace is constant; but trace commutes with derivative, so ^trT = trT = 
tr[T,V]=0. ' □ 

In particular, the quasi-momcntum docs not depend on time. 

Exercise 1.9.10: Prove that 



T(x ,X) = [T,U], withC/ 

axo 



-1 
A - u(x) 



Observe that U is just the matrix form of Ly = Xy. 
Lemma 1.9.11. For j e {1, . . . , n} we have 



rife^(7j -ik) 



where u=-2 Y2=i 7fc + Y^V x *- 



Proof. We can derive this equation from the expression of Ti,2 in [T, V] = f, for A = jj. We 
can then express Ti, 2 (A) = ]~I^ =1 (A — 7fc)Ti,2(A) there Ti, 2 has all zeroes on the squeezed 
gaps, so that its zeroes do not depend on time. Deriving this and computing at A = jj, we 
have — 7j Ylk^ji^j — Ik)Ti^(X). Substituting this in the first equation we have 

T 2 2 — Ti l T T / V 

Ij = R n cs Tf, Vi,2 (7j ) • 

A=7 3 J 1,2 

Recalling the expression of x, we have 

Res ^-^ = -2*Rcs ^! = -2,Res 

A= 73 Ti, 2 A=7 . Ti, 2 X=1] P{\) 

□ 

We claim that in the solutions of periodic KdV equation, the set of finite gap potentials 
is dense in the set of solutions. Indeed, one can prove the following statement: expand u in 
the Fourier series, so that u(x) = E u n^ L then the length of the n-th gap decays as |u„|; 
therefore, the smoother is the potential, the faster is the decay of the gaps. This means 
that the deformation of the potential needed to close the gaps from some point to infinity 
is small. 
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1.10 The theory of KdV hierarchy-1. Recursion relations and gen- 
erating functions. 

We will now include KdV equation in an infinite family of pairwise commuting flows repre- 
sented by evolutionary PDEs of the form 

= K n (u,u x ,u xx ,.. . ,u (2n+1) ) , n = 0,1,2,. .. 
d du d du 



dt dt dt dt 

All equations of this so-called KdV hierarchy will admit Lax representation 

with the same Schrodinger operator L; the differential operators A n of the order 2n + 1 will 
be constructed below. 

For n = 1 one obtains the KdV equation itself 

u = 6uu'-u"', (1.10.1) 

du , du 
dt ' dx 
The commutation representation (3.10.9) reads 

L = [L,A],^[d t + A,L]=0 (1.10.2) 
L = -d 2 x + u (1.10.3) 
A = A 1 =Adl-Z(ud x + d x u). (1.10.4) 

We will first rewrite the commutation representation (1.10.2) in the matrix form. The 
basic idea is to restrict (1.10.2) onto the space of solutions to the Sturm - Liouvillc equation 

Ly = \y. (1.10.5) 

Here A is an arbitrary complex parameter. We will call it spectral parameter although all 
references to the theory will be rather formal at the moment. 

The following simple statement is very important for the restriction we are looking for. 

Lemma 1.10.1. Let y be a solution of equation (1.10.5). Assume that the operator L 
depends on the time t according to eq. (1.10.2) for some A. Then the function y t + Ay 
solves the same equation (1.10.5), i.e., 

L(y t + Ay) = X(y t + Ay). (1.10.6) 

Proof. Taking time derivative of (1.10.5) we obtain 

Ly + Ly = \y. 
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Substituting L = L A — AL yields 

(LA — AL) y + Ly = LAy — XAy + Ly = Xy. 

This coincides with (1.10.6). The lemma is proved. 

We choose a basis yi, y 2 in the two-dimensional space of solutions of (1.10.5). The most 
convenient basis is specified by the following Cauchy data at a normalization point x = x : 

Vi{xo) = 1, y' 1 {x )=0 

(1.10.7) 

y 2 (x ) = 0, y' 2 (x ) = 1. 
These solutions to (1.10.5) will be denoted yi(x, Xo,X) and y 2 (x, x , A). 

Lemma 1.10.2. If u(x) is a smooth function near x = x then the solutions yi(x,x a ,X) 
and y 2 (x,x ,X) are entire analytic functions in A. 

This is a standard fact of the theory of ordinary linear differential equations - see, e.g., 
[18]. 

Assuming, as above, that the time dependence of the operator L is determined by the 
equation (1.10.2) with some operator A we conclude that, due to Lemma 1.10.1, the solutions 
(d t + A) yi and (d t + A) y 2 can be represented as a linear combination of the same functions 
yi and y 2 : 

(d t + A)yi= un yi + v 2 i 2/2 

(1.10.8) 

(d t + A) 2/2 = v 12 2/i + w 2 2 2/2 

The coefficients Vij = v i j(x Ql A) depend on x and on A (and, of course, on the time, but we 
will suppress the explicit time-dependence for the sake of simplicity of notations). In the 
matrix form (1.10.8) reads 

(dt + A) (y u y 2 ) = ((8 t + A) Vl ,(d t + A) y 2 ) = ( Vl ,y 2 ) V, (1.10.9) 

where 

v = v{ A) / Mso.A) M*o,A) 

V V 2 l(x ,\) V 22 (X Q ,\) 

Let us explain the algorithm of computing the coefficients Vij(xo, A). 

Lemma 1.10.3. let A = A(x, d x ) be any linear differential operator. Then there exist 
polynomials p(x, A), q(x, A) in A with x-dependent coefficients such that 

Ay = q(x,\)y + p(x,X)y' (1.10.11) 

for any solution y — y(x, A) of (1.10.5). 



(1.10.10) 
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Proof. Using (1.10.5) the derivatives y" , y'" etc. can be expressed as linear combinations 
of y and y 1 : 

y" = (u-X)y, y'" = u'y + (u - X) y' , y IV = [u" + (u - A) 2 ] y + 2u'y', . . . (1.10.12) 
This proves the lemma. 

Example 1.10.4. For the operator A given in (1.10.4) one obtains 
q(x, A) = u'(x), p(x, A) = -2 (u(x) + 2A). 
We are now able to compute the matrix V = (vij) for a given operator A. 
Lemma 1.10.5. The matrix V in (1.10.9) for an operator A has the form 

V = V(x ,X)=l ' ] (1.10.13) 

V 9 , + («"A)p q + p' j x=Xq 

where the polynomials q(x,X), p(x,X) are determined by the operator A from the equation 
(1.10.11). 

Proof. Due to (1.10.8), (1.10.11) we have 

d t yi(x,x , A) + q(x, X)yi(x,x ,X) +p{x, X)y[(x 1 x Q , A) = yi(x,x , X)vu(x , A) + y 2 (x,x , X)v 2 i(x ,X) 

(1.10.14) 

dtV2(x, x , A) + q(x, X)y 2 (x, x , A) + p(x, X)y' 2 (x, x , A) = yi(x, x , X)v 12 (x , A) + y 2 (x, x , X)v 22 (x , A). 

Substituting x = xo we obtain 

vu{x , A) = q(x , A), v 12 {x , A) = p(x , A) 

since the time derivatives d t yi and d t y 2 vanish at x = xo due to the time-independent initial 
conditions (1.10.7). We obtain the first row of the matrix V. Let us now take x-derivatives 
of (1.10.14). We obtain 

dtv[ + W + p( u - A )l vi + (v + p') y[ = y'i v u + y'2 v 2i 

dty' 2 + [q' + p{u - A)] y 2 + (q+ p') y 2 = y[v 12 + y' 2 v 22 

where, as above, the coefficients p, q, u and their x-derivatives in the left hand side depend 
on x and A and the coefficients in the right hand side depend on x n and A. At the point 
x = x the derivatives d t y'i and d t y 2 vanish again due to (1.10.7). This gives the second row 
of the matrix V. The lemma is proved. 

Example 1.10.6. For the operator A of the form (1.10.4) (i.e., for the KdV equation itself) 
the matrix V has the form 

t' -2(u + 2A) 

V(x ,X)=\ | . (1.10.15) 

u"-2(u- X)(u + 2X) -v! 
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We will now derive the matrix reformulation of the Lax representation of (1.10.2). Let 
us introduce the 2x2 matrix 

U=U(x,\)=( x °_ u y (1.10.16) 

This matrix appears in the vector form of the Sturm - Liouvillc equation (1.10.5). I.e., if y 
is a solution to L y — X y then 



y := 

is a solution to 



y 
y' 



£(A)y = 0, C(X) = d x + U(X). (1.10.17) 
Conversely, if y = I ) solves (1.10.17) then z = y' and Ly = Xy. 



z 



Theorem 1.10.7. If the time dependence of L is determined by (1.10.2) with some linear 
differential operator A then the matrices U = U(x,X) and V = V(x, A) given in (1.10.16) 
and (1.10.15) resp. satisfy the equation 

V x (X)-U t (X) = [V(X),U(X)} (1.10.18) 

identically in X. 

Remark 1.10.8. Introducing A-dependent matrix operators £(A) as in (1.10.17) and 

A(X) = d t + V(X) (1.10.19) 
we can rewrite (1.10.18) as the commutativity 

[£(X),A(X)]=0. (1.10.20) 
To prove the theorem we first rewrite Lemma 1.10.1 in the matrix form. 
Lemma 1.10.9. If y solves 

£(A)y = 

then -4(A) y is a solution to the same equation. 
Proof. The vector y has the form 



Thus 



.4(A)y^y + V(A)y= ( 

dt + Ay 
[dty + Ay] 



qy + py' 
[q' +{u- X)p}y+(q + p')y' 



' - Z , I , where z = d t y + Ay. 
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We already know that Lz = \ z. Hence 

c(x) ( ; ) = o. 

The lemma is proved. 

Proof of the theorem. Due to Lemma 1.10.9 an arbitrary solution y of C(X)y = also 
satisfies £(X)A(X) y = 0. Hence it also satisfies 

[C(X),A(X)]y = 0. (1.10.21) 

But the commutator in the left hand side is an operator of multiplication by the matrix 

[d x + u(x),d t + v(x)] = v x -u t + [u(x),v(x)}. (1.10.22) 

Since (1.10.21) holds true for an arbitrary solution y of (1.10.17), we conclude that the 
matrix (1.10.22) must be an identical zero. The theorem is proved. 

So, for the equations of the KdV hierarchy instead of the Lax-type representation (1.10.2) 
we have obtained a zero curvature representation (1.10.18) with th cmatriccs U, V depend- 
ing on the spectral parameter A. In our case both U and V are polynomials in A. Such 
commutation representation with polynomial, rational, or even more complicated depen- 
dence on the spectral parameter is one of the most efficient tools of constructing, integrating 
and studying the nonlinear integrable equations. 

We have not proved yet that, conversely, any nonlinear equation admitting a represen- 
tation (1.10.18) with the matrix U(X) as in (1.10.16) and with a polynomial in A matrix 
V(X) is an equation of KdV hierarchy (i.e., that it admits a Lax representation (1.10.2) with 
some differential operator A). The main step in the proof of this converse statement is a 
constructive answer to the following question: how to describe all matrix polynomials V(A) 
satisfying (1.10.18)? The answer can be obtained in the following way. Let us look for the 
matrix V(X) in the form 

V = V X N+1 + ViX N + ■ ■ ■ + V N X + V N+1 (1.10.23) 

with indeterminate matrix coefficients depending on x. Substituting this polynomial into 
(1.10.18) we will derive recursion relations for the matrix coefficients. 

In the case under consideration it is convenient to reduce the procedure to the scalar 
case. Observe first that the trace of the matrix V(X) docs not depend on x: 

(try)' = 0. 

Indeed, from (1.10.18) one has 

(trV)' = trtT + tr [V,U} = 0. 
Adding an appropriate scalar matrix to V we can assume that 

trV(A) = 0. 
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Lemma 1.10.10. Any traceless polynomial solution (1.10.23) of (1.10.18) can be repre- 
sented in the form 

( h' -v \ 

V =\ (1.10.24) 
V \v"-{u-X)v -\v> ) 

where 

v = v X N + v 1 X N - 1 + --- + v N (1.10.25) 

is a polynomial with the coefficients v\, v 2 , ...Vn depending on x. The function u and the 
polynomial v satisfy the equation 

u + l - v'" — 2(u — X)v' — u'v = 0. (1.10.26) 
Proof. Explicitly the matrix equation (1.10.18) for a traceless matrix 

V(X)- 



V21 -Vu 



reads 

v 2i ~ v ii J ' V Ut ® J r \ —2vu(u — \) U21 — (u — A)«12 



v'u v[ 2 \ + f °\ + f v 12 {u-X)-v 2 i 2v u . =() 



Denoting 
we obtain 



v := -W12 



1 , 

V21 = ^ v" - v (u - A). 

From the left bottom corner of the matrix equation one readily obtains (1.10.26). The lemma 
is proved. 

Remark 1.10.11. The result of the lemma means that the matrix V satisfying (1.10.18) must 
have the form (1.10.13) with 

1 , 

p=-V, q = - v . 

Exercise 1.10.12: Prove that any polynomial in A traceless matrix V(X) satisfying (1.10.18) 
has the form (1.10.13), (1.10.11) for a differential operator 

2JV-1 

A=-v dl N ^+ J2 

k=0 

where the leading coefficient v is defined in (1.10.25). 

Substituting the polynomial (1.10.25) into (1.10.26) we obtain 
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Corollary 1.10.13. The coefficients of the polynomial v — v(x,X) satisfy the recursion 
relations 

v' = 

2v' k+1 = - l -v'l l + 2uv' k + u'v k , k = 0, 1,...,N-1. (1.10.27) 
The equation (1.10.26) can be rewritten in the form 

u t +^v'^-2uv' N -u'v N = 0. (1.10.28) 

Choosing v = I one obtains the following values of the first few coefficients 

1 

vi = - u + Ci 

V2 = ^ (3u 2 - u") + ^ cm + c 2 
etc. Here c\, c 2 are integration constants. 

Remark 1.10.14. The recursion relations (1.10.27) can be recast in the form 

v k+1 = ^d- 1 Mv k + c k+1 (1.10.29) 
where d^ 1 is the integration operator, c k +i is an integration constant and 

M=-^dl + {ud x + d x u). (1.10.30) 
The equation (1.10.28) then reads 

u t = Mv N . (1.10.31) 
For N = the equation (1.10.31) reads 

u t = u'. (1.10.32) 

For N = 1 it follows 

u t = - (6uu' -u'") + du'. (1.10.33) 

This is equivalent to the KdV equation. For N — 2 one obtains the first higher analogue of 
KdV: 

= ^ [u y -10wu"' + 30uV-20?/u"] + ^ Cl {<ouu -u") + c 2 u. (1.10.34) 

This is a linear combination of the first three equations of the KdV hierarchy. 

We will prove now that for any N the coefficients Vi of the polynomial v(X) can be 
found from (1.10.29) in the form of polynomial in u, u 1 , u" etc. (the so-called differential 
polynomials) with constant coefficients. To this end we introduce a generating function for 
these coefficients. 
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Theorem 1.10.15. 1) The equation 



-\w"' + 2(u- X)w' + u'w = (1.10.35) 
has a solution in the form of formal series in inverse powers of X 

w = + + (1.10.36) 

where the coefficients w k are polynomials in u, v! , vS 2h ~ 2 \ These polynomials are 

uniquely determined by the normalization condition 

Wk\ u = =Q, k = l,2,... (1.10.37) 

2) Define the polynomials v^(X) putting 

V W(X) = [A fe w(A)] modX- 1 = X k + w 1 A fe " 1 + • • • + w k (1.10.38) 

where the series w(X) is uniquely determined by (1.10.36), (1.10.37). Then any polynomial 
v(X) of degree N satisfying (1.10.28) has the form 

N 

v(X) = Y, c *-kV lk] W (1.10.39) 

fc=0 

where Cq, c\, . . . , cm are arbitrary constants, c ^ 0. 

Proof. Plug the series (1.10.36) into equation (1.10.35) and collect the coefficient of X~ k . 
This gives the recursion relation coinciding with (1.10.27) 

2w' k+1 = -^w'l' + 2uw' k + u'w k , k>0 (1.10.40) 

(we denote wq = 1). Let us show that this recursion admits a solution in the form of 
differential polynomials. To do this we will find a first integral of the differential equation 
(1.10.35). First we prove 

Lemma 1.10.16. The equation (1.10.35) is equivalent to commutativity of the matrix 



2 



w'(X) -w{X) 



W{X) = ( ! (1.10.41) 

\w"-{u-X)w -|ti/(A) 

with the operator C{X): 

[C(X),W(X)} = «• W'(X) = [W(X),U(X)]. (1.10.42) 
Proof is analogous to the proof of Lemma 1.10.10. 
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Corollary 1.10.17. For a solution w of (1.10.35) the expression 

c(A) := det W{\) = l - w"w - l - w' 2 - (u - A) w 2 (1.10.43) 

does not depend on x. 

Proof follows from (1.10.42). 

The first integral c(A) must be a series of the form 

C (A) = A + Co + ^ + g + ... (1.10.44) 

with some constants Co, Ci, .... From (1.10.43) a new recursion for the coefficients of the 
series w(X readily follows 

n 

- ^ WkW n -k+l + Cn, 71 = 0,1,... 
k— 1 

(1.10.45) 

The solution w\, w 2 , ■ ■ ■ to this recursion is clearly unique for arbitrary given constants c , C\, 
. . . . Moreover, it is a differential polynomial in u, u', . . . , u( 2n K For the solution satisfying 
the normalization (1.10.37) one sets to zero all the integration constants Co = c\ = ■ ■ ■ = 0. 
The Theorem is proved. 



2w n +i = 



1 // 1 / / 



Exercise 1.10.18: Let w c (A) be a solution to (1.10.43) with a given integration constants 
(1.10.44). Prove that it is obtained from the normalized solution w(X) by 



w c (X) 



1+y + ^2 +-..w(A). 



(1.10.46) 



We are now ready to define the k-the equation of the KdV hierarchy by one of the 
following two equivalent representations 



du 
dt k 



Mw k 
2d x w k+1 



This an evolution PDE with the right hand side depending on u, u' , 
curvature representation of this equation reads 



(1.10.47) 
(1.10.48) 

.u ( - 2k+1 \ The zero 



V W(\)-U tk (\)= \vW(\),U(\) 



(1.10.49) 



MA) 



V [k] (X) = 

V h 

where v(X) = v [k] (A) = A fe + wiA fe_1 H \-w k . 



\ v" — (u — A) v —2 



1 v'(X) 
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Any other evolutionary equation admitting the zero curvature representation (1.10.18) with 
a matrix V(X) polynomial in A is a linear combination with constant coefficients of the 
equations (1.10.47): 



fe=0 
N 



(1.10.50) 



V x (X)-U t (X) = [V(X),U(X)} 



N 



v(x) = J2 c ^ v[h] W- 



fc=0 



The first few equations of the KdV hierarchy along with the matrices V^(X) realizing the 
zero curvature representation are listed below. 



u t0 =u', V®(\) 



-1 
X — u 

u tl = - A (6 uv! -u'"), VN(\) = 



-2(u + 2X) 



u" -2(u- X)(u + 2X) -it' 



(1.10.51) 



(1.10.52) 



Ut2 = — [ u v - 10 u v!" + 30 uV - 20 u'u"] , 



V^(X) = 



( \Xu' + ±(6uu'-u"') 



\Xu"+± (&u a +&uu" -u IV } 
V +(A-u) [A 2 + \Xu+\{2,u 2 -u")\ 



(1.10.53) 

[X 2 + \Xu+\(iu 2 -u")} \ 



We are going now to prove that that the equations (1.10.47) (or (1.10.48)) commute 
pairwise. The main tools for this is provided by 

Lemma 1.10.19. Let the t- dependence of u be determined by the zero curvature equation 
(1.10.18) with a polynomial matrix V(X). Then the matrix W(A) defined in Lemma 1.10.16 
satisfies the equation 



[w{x),d t + v{x)] = o d t w{x) = [w{x),v{x)]. 



(1.10.54) 



Proof. Recall that the zero curvature equation (1.10.18) is equivalent to the commuta- 
tivity 

[C(X),A(X)] = 0, A(X) = d t + V(A). 
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Using Jacobi identity 

[£(A), [W(X),A(X)}} + [A(X), [C(X),W(X)}\ + [W(X), [A(X),C(X)]] = 

and (1.10.42) we conclude that the matrix 

W(X) := [W(X),A(X)] = -W t (X) + [W(X),V(X)] 

is another solution to the commutativity equation (1.10.42). Clearly the coefficients of the 
matrix series W(X) are differential matrix valued polynomials in u vanishing identically for 
u = 0. Moreover, it is easy to see that 



W(X) 12 = O 



Due to uniqueness we conclude that W(X) = 0. The lemma is proved. 

Corollary 1.10.20. In the situation of Lemma 1.10.19 the t-derivative of the series w(X) 
defined in (1.10.35) - (1.10.38) can be found from the equation 

w t (X) = w(X)v x (X) - w x (X)v(X) (1.10.55) 

where v(X) = - (V(X)) 12 . 

Proof. Using the formula (1.10.24) for the matrix V(X) we calculate the commutator in 
(1.10.54). This gives (1.10.55). 

Corollary 1.10.21. All the equations (1.10.48) of the KdV hierarchy commute pairwise. 
Proof. Commutativity of equations 

u tl = 2w' l+1 

will follow from a stronger equation 

d tl w k +i = d tk wi +1 . 
Indeed, from (1.10.55) it follows that 



d t m W n = ^2 ( W P W q 
p-\-q—n-\-m 



q - W p W q ) 



The two choices (to, n) = (I, k+1) and (to, n) = (fc+1, /) yield the same result. The corollary 
is proved. 

Corollary 1.10.22. The linear operators 

A k (X) = d tk + vW(X), A l (X) = d tl + vW(X) (1.10.56) 
commute pairwise for any k, I: 

[A k (X),Ai(X)} =0 &d tk VW(X)-d tl vM(X)= [UW(A),UW(A)1 . (1.10.57) 
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Proof. Using commutativity 



[£(A),A(A)] = 0, [C(X),A l (X)} = 
and Jacobi identity one derives that 



The matrix 



c(\),d tk vM(\) - d tl v^{\) + \vW(\)M l] W 



d tk vW(\) - d tl v^(\) + \vW(\),vW(\) 



= 0. 



(1.10.58) 



being polynomial in A must be a linear combination of the matrices V^ m \\). As the matrix 
(1.10.58) vanishes for u = 0, all the coefficients of the linear combination must be equal to 
zero. The corollary is proved. 



1.11 Stationary equations of KdV hierarchy, spectral curves and 
egenfunctions of the Schrodinger operator 

Let us fix a flow of the KdV hierarchy represented in the zero curvature form (1.10.50) with 
some matrix V(X). The stationary points of this flow gives an invariant submanifold for all 
flows of the KdV hierarchy (1.10.52) due to commutativity. The equations for the stationary 
points u t = can be written in the form 

TV 

^2 c N - k w k+1 = (1.11.1) 
fc=-i 

where we have added one more constant cjv+i obtained from integration of the equation 

JV JV 

2d x *^2c N - k w k+ i = => y^c/y-fcWfc+i = -c N+ i. 

fe=0 fc=0 

Without loss of generality we may normalize Co = 1. So, the stationary equation (1.11.1) is 
an ODE of the order 2jV depending on jV + 1 constants c\, . . . , cn+i- This equation admits 
Lax representation on A-matrices 

V X (X) = [V(X),U(X)}. (1.11.2) 

With the stationary equation (1.11.2) we associate the spectral curve defined by the charac- 
teristic equation 

r : det(^-l-U(A)) = -^ 2 + i?(A) = 0, R(X) = det V(X). (1.11.3) 

Theorem 1.11.1. The spectral curve associated with the stationary equation (1.11.2) does 
not depend on x. 
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Proof. Denote 

Y = Y(x,x ,X) 
the fundamental matrix solution to the equation 

C(X)Y = 0, Y\ x=XQ = l. 

Then the solution V(x,X) to the linear differential equation (1.11.2) with a given initial 
datum V(xo, A) can be written in the form 

V{x,X) = Y(x,x ,X)V(x ,X)Y- 1 (x,x ,X). 

Hence 

det (iv- V(x, A)) = dct (i v - V(x , A)) . 

The Theorem is proved. 

This simple but very important statement gives a possibility to construct first integrals 
of the stationary equations (1.11.2). 

Example 1.11.2. For N — 1 the stationary equation reads 

^ (3u 2 - u") + cm + c 2 = 0. (1.11.4) 

The Lax representation is given by the matrix 

T -A-f-d 
V(X)=\ |. (1.11.5) 

^-(A+f + Cl )(«-A) 

The determinant of this matrix 

det V(X) = A 3 + 2 ciA 2 + (c 2 + c 2 ) A + J (1.11.6) 
gives the first integral of the ODE (1.11.4) 

J = -^-u' 2 + \u 3 + \ Cl u 2 + \u + c x c 2 . (1.11.7) 
lb o 4 z 

Of course, this is nothing but the energy integral for the equation (1.11.4) written in the 
form of Euler - Lagrange equation for the functional 

/l 1 2 1 

L(u, u'\ ci, C2) dx, L(u,u';ci,C2) = -u 3 +-u' + - ciu 2 + c 2 u. (1.11.8) 
4 8 2 

Example 1.11.3. For N = 2 the stationary equation is a 4th order ODE 
u IV -10W -5u' 2 + 10w 3 



1 

16 



+ ^ ci(3m 2 - u") + c 2 u + c 3 = 0. (1.11.9) 



The V(X) matrix has the usual form (1.10.24) with 

1 „ 3 ., I 



W (A) = A 2 +(^+ Ci )a+ ( -g«"+ I u 2 + - Cl u + c 2 j . (1.11.10) 
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Here one obtains two first integrals from 

det V{\) = A 5 + 2 Cl A 4 + (2c 2 + c\) A 3 + (c 3 + 2 Cl c 2 ) A 2 + J x \ + J 2 , (1.11.11) 



Ji = h fs« 4 - - M " 2 + 2u'u"'\ 

64 V / 

(1.11.12) 

+ ^ Cl (2u 3 - u' 2 ) + l -c 2 u 2 + Cl c 3 + c 2 

3 c 15 n ,2 5 o .. 1 ,2 // 1 //2 3 . ... 1 ...2 

J 2 = — u 5 uV uV u' u" H u u" H u u' u'" u'" 

2 32 128 64 128 64 64 256 

+ 1 Cl f 7u 4 _ 5uu ^2 _ 3u 2 u „ + u , u „A + 1 ^ / 4u 3 + u /2 _ 2u u ,,\ + L C 2( 2u 3 - u' 2 ) 

32 V / 16 V / 16 V / 

+ \c x c 2 u 2 + \c x c 3 u + ^c 3 (3u 2 - u") + c 2 c 3 . (1.11.13) 

4 A o 

One can check that (1.11.9) is the Euler - Lagrange equation for the functional 

S = J L(u,u',u";c 1 ,c 2 ,c 3 )dx (1.11.14) 
L(u, u', u"; ci,c 2 ,c 3 ) = (u" 2 + 10 uu' 2 + 5u 4 ) + ^ c i ( u ' 2 + 2m 3 ) + ^ c 2 w 2 + c 3 u. 
We have constructed a map 

spec : C 3W+1 -> C 2JV+1 (1.11.15) 

from the space C 3JV+1 with the coordinates 

(«, «',..., n 2 ^" 1 , Cl , . . . , c N+1 ) g C 3JV+1 (1.11.16) 

to the (2iV + l)-dimensional space C 2Ar+1 of hyperelliptic curves of the form 

r : v 2 = R(X), R(X) = \ 2N+1 + a^- 1 + ■■■ + a 2N+1 , (1.11.17) 
( ai ,...,a 2N+1 ) eC 2N+1 . 

We have proved that the x-dependence of the vector (u, u' , . . . , M^ 2Ar_1 ') lives along the fibers 
of the map (1.11.15). Our goal is to prove surjectivity of the map (1.11.15) and, moreover, 
for a generic point T e C 2Ar+1 the fiber is isomorphic to the Jacobian of the spectral curve: 

spec- 1 ^) = J(r). (1.11.18) 

To this end we will first show that the Sturm - Liouville equation Ly = Xy with the 
potential satisfying (1.11.1) possesses a solution that is a BA function on the spectral curve 
(1.11.3). 



44 



It will be more convenient to work with the matrix realization C(X). Recall that the Lax 
equation (1.11.2) is equivalent to the commutativity 

[£(A),V(A)]=0. (1.11.19) 

Given a point (A, v) e T let us choose the solution of the Sturm - Liouville equation in the 
form 

^=($)> £( A )^ = °> V{\)~$ = iv~$. (1.11.20) 

If A is not a ramification point of the hypcrclliptic curve (1.11.3) then the eigenvector of the 
matrix V(A) with the eigenvalue i v is determined uniquely up to a normalization factor; we 
will fix the latter by requiring that 

VU=*o = l- (1.11.21) 
The resulting eigenvector will be denoted 

~$(x,x ,P), P=(A,i/)er. (1.11.22) 

Theorem 1.11.4. The eigenvector tp (x, x , P) is a meromorphic vector function onT\oo. 
Proof. Let us introduce the fundamental matrix of the operator £(A) 

Y(x,x ,x) = ( ^"'J! y^*o,x)\ (11123) 

This matrix, as a function in x, satisfies 

C(X)Y(x,x Q ,X) = 0. 

It is unimodular, det Y(x, x 0} A) = 1. Moreover, it is an entire function in A e C. Any 
solution to the Sturm - Liouville equation 

£(A)y = 

with the Cauchy data 

y \x=x j/oj y \x=xo Vo 

can be represented in the form 



y = Y(x,x , A) 

Denote 



Vo 

y'o 



i 

x(x ,P) 



:= ip(x ,x ,P). 



Then 

^(x,x ,P)=Y(x,x ,X) ( ( ^ p) ) . P=(A..)tr. (T.n.24) 
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The vector 

1 



is an eigenvector of the matrix 
V(x ,X) 



2 u 



-±v" + (u-\)v \v' , 

2. v ' 1 / x=x 



with the eigenvalue i v. Applying the rules of linear algebra one obtains 
Lemma 1.11.5. The junction x{xo,P) has the form 

x( Xo ,P) = i " + } v ' ix °> X) , p=(A,„)er. (i.n.25) 

v{xo, A) 

This completes the proof of the theorem as the function (1.11.25) is rational on T and 
Y{x, xq, A) is analytic for A e C. 

We will now study the poles of the first component ip{x,XQ, P) of the vector function 
i>(x,x ,P). 

Lemma 1.11.6. The following formula holds true for the logarithmic derivative ofip(x, xq, P) 

(log </>(*, xo, P))' = X (x, P) = iv+1 f^ X \ (i.n.26) 

v(x, A) 

Proof. The formula (1.11.26) is obvious for x = x$. Changing the normalization point xq 
multiplies the eigenvector of the matrix V(x, A) by a x-independent factor. Such a rescaling 
of V does not change the logarithmic derivative. This proves (1.11.26) for any x. The 
lemma is proved. 

Corollary 1.11.7. 

i ) (x,x ,P)=exp 2 \ y ' dy. 1.11.27 

Corollary 1.11.8. Denote P + = (A, v) and P- = (A, —v) the two points of the spectral 
curve with the same value of the spectral parameter A. Then 

iP(x,x ,P + )iP(x,x ,P_) = ^' A . ) . . (1.11.28) 

v{x Q , A) 

Let us assume that the polynomial v(x, A) of the degree N is monic. 

Theorem 1.11.9. At the infinite point of the spectral curve the function ip(x,x ,P) has 
the following exponential asymptotics 

i/>{x,x ,P)= ( 1 + Q)) e ife ( x - x °) (1.11.29) 

P={\,v), \ = k 2 ^oo, v = k 2N+1 (l + O ^ 
The function ip(x,Xo,P) has at most N poles on the spectral curve. 
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If all the (27V + 1) roots of the polynomial i?(A) = det V(x, A) are pairwise distinct then 
the number of poles of the function ip(x,xo,P) for generic x is exactly equal to N = genus 
of the spectral curve. 

There is a natural fiber bundle over the base <C 2N+1 3 V: the fiber over the point T is 
the Jacobian J(T). Denote Jn the total space of this fiber bundle (the so-called universal 
Jacobian). We have constructed a map 

SPEC : C 3N+1 3 (u, u', . . .,u ( - 2N ~ 1 \c 1 ,. . . , c N+1 ) -» J N . (1.11.30) 

The map associates with a given point in the phase space of the stationary KdV equation 
of the order 2N depending on the parameters c\, . . . , cn+i the pair (r, (D — N oo)) where 
D is the divisor of poles of the eigenfunction ip(x, xq, P) and oo G T is the infinite point of 
the hyperelliptic curve. By construction 

SPEC(u(x),u'(x), . . . , u^-^ix), c 1; . . . , c N+1 ) 

does not depend on x assuming u{x) satisfies the stationary equation (1.11.1). 

We have now to prove that any generic hyperelliptic curve of genus N with an arbitrary 
nonspecial divisor D of degree ./V belongs to the image of the map (1.11.30). 

Now let us describe the time dependence of the solutions to the stationary equations 
(1.11.1) on the times of the KdV hierarchy (1.10.48). Let us assume that u depends on t k 
according to the equation 

u t k = 2wfe + i- 

Due to commutativity of the flows of the KdV hierarchy the stationary manifold (1.11.1) 
is invariant with respect to this flow. From the zero curvature equation (1.10.57) it follows 
that the dependence on tk of the matrix V"(A) in (1.11.2) is determined by the equation 

d tk V(\)= [V(\),VW(\)] . (1.11.31) 

Therefore the three operators £(A), d tk + V^(X) and V(\) commute pairwise. We choose 
the time dependence of the function ip from the following conditions: 

C{\)~4> = o 

d tk ^ + V^(X)^ = (1.11.32) 

The time dependence of the function ip is obtained in the form 

d tk i>^- l -v^ + v^ x . (1.11.33) 

From this equation and from the formula (1.11.26) for the logarithmic derivative of ip it 
follows that 

■yW 1 v x vW - V W V 
d tk log^ = iv + -- — . (1.11.34) 
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Exercise 1.11.10: Prove that 

. yW 1 v xV W - v l x k] v ..«±l, n /l\ . , nn . 

iv 1 =i\ 2 + o — A — > oo. (1.11.35) 

w 2 w \ Ay 

We will normalize the common eigenvector (1.11.32) in such a way that 

i>\ x = X0 , tk =tl =1 (1.11.36) 

for some point (#0,^). 

Theorem 1.11.11. TTie normalized function ip has at most N poles on the spectral curve 
T. the infinite point it has the exponential asymptotics of the form 

V>= (l + oQ=^ e ^(x-xo)+iA 2 ^(t-^) ) A ^oo. (1.11.37) 
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2 Riemann surfaces and thet a- functions 



2.1 Definition of a Riemann surface. Local coordinates. Branch 
points. Hyperelliptic Riemann surfaces. Multiplicity of a branch 
point. 

For the geometric representation of multi-valued functions of a complex variable w = w{z) 
it is not convenient to regard z as a point of the complex plane. For example, take w = \fz. 
On the positive real semiaxis zeR, z > the two branches w\ = +\fz and w 2 = —\[z 
of this function are well defined by the condition w\ > 0. This is no longer possible on the 
complex plane. Indeed, the two values W\ t 2 of the square root of z — r e 1 ^ 

w 1 = ^/re 1 ^, w 2 = -\fre 1 ^ = y/re l± ^ , (2.1.1) 

interchange when passing along a cycle 

z(t) = re l ^ +t \ te[0,2n] 

encircling the point z = 0. It is possible to select a branch of the square root as a function 
of z by restricting the domain of this function - for example, by making a cut from zero to 
infinity. We now explain another way (which will be basic for this course), using the same 
function yjz as an elementary example. Consider the graph of this two-valued function in 
C 2 with complex coordinates z,w, i.e., the points of the form (z,+y/z), (z, — \fz). The 
two branches of this graph intersect at the point (0,0), the branch point of this algebraic 
function. Note that this graph can be given in C 2 by the single (complex) equation 

F(z, w) = w 2 - z = 0. (2.1.2) 

The function w = y/z is a single- valued function of a point of the graph of (2.1.2): it has 
the form of the projection (z, w) — ► w. 

Starting from this example, we give the following preliminary definition. 

Definition 2.1.1. Let 

n 

F(z,w) = Y, a ^ wn ~ l 

i=0 

be a polynomial in the variables z and w. It determines an (n-valued) algebraic function 
w = w(z). The Riemann surface T of this function is given in C 2 by the equation F(z,w) = 0. 

As in the example analyzed above, the multivalued function w = w(z) becomes a single- 
valued function w — w(P) of a point P of the Riemann surface T: if P = (z, w) e T, then 
w(P) = w (the projection of the graph on the the w-axis). 

Remark 2.1.2. This definition of a Riemann surface is a simplified one. It coincides with the 
traditional definition only if the algebraic curve F(z, w) — is nonsingular. We shall return 
to this question later (see Lecture 3). 

Remark 2.1.3. Below we shall see that the function w = w(P) is not only a single-valued 
but also an analytic (a holomorphic) function on the Riemann surface T considered as a 
complex manifold of complex dimension one. 
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From the algebraic point of view a Ricmann surface is a (complex) algebraic curve. From 
the real point of view it is a two-dimensional surface in C 2 = K given by the two equations 



$lF(z,w) 
SF(z,w) 



In the theory of functions of a complex variable one encounters also more complicated 
(nonalgebraic) Riemann surfaces, where F{z 1 w) is not a polynomial. For example, the 
equation e w — z = determines the Riemann surface of the logarithm. Such Riemann 
surfaces will not be considered here. 

We now discuss the important property of nonsingularity for points of a Riemann surface. 



Definition 2.1.4. A point P = (z , w ) € T of a Riemann surface T 
is said to be nonsingular if the complex gradient vector 



grad c F\ } 



dF(z ,w ) dF(z 0l w ) 



{(z,w)\F(z,w)=0} 



(2.1.3) 



dz dw 

does not vanish. A Riemann surface T is nonsingular if all its points are nonsingular. 

Lemma 2.1.5 (Complex implicit function theorem). Let F{z 1 w) be an analytic function of 
the variables z, w in a neighborhood of the point Pq = (zq,Wq) such that F(z 0i Wq) — and 
d w F(zo,wo) ^ 0. Then there exists a unique function w = w{z) such that F{z,w{z)) = 
and w(zq) = w . This function is analytic in z in some neighborhood of z . 

Proof. Let z = x + iy and w = u + iv, F = f + ig. Then the equation F(z, w) = can be 
written as the system 

f(x,y,u,v) = (2 14) 

g(x,y,u,v) =0 

The condition of the real implicit function theorem are satisfied for this system: the matrix 



is nonsingular because 



det 



(df 




du 


dv 


dg 


dg 


\du 


dv) 


(df 


df\ 


du 


dv 


dg_ 


dg 



(«o,«>o) 



dF 



dw 



\du dv I 



( we use only the analyticity in w of the function F(z,w)). Thus, in some neighborhood 
of (zq,wq) the solution of the equation F(z,w) = can be written as a smooth function 
w = w(z), and this function is uniquely determined by the condition w(zq) = w . Let us 
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verify its analyticity: — = 0. Differentiating the identity F(z,w(z)) — with respect to 
dz 

z, we get that 

dF dw OF dwdF _ Q 

dz dz dw dz dw 

dF dF dF dw 

But = = in view of the analyticity of F(z, w) and —— ^ 0. From this, = 0. □ 
dz dw dw dz 

Let Pq = (z , Wo) be a nonsingular point of the surface T. Suppose, for example, that 
dF . 

the derivative — — is nonzero at this point. Then by the lemma, in a neighborhood of the 
aw 

point Pq , the surface T admits a parametric representation of the form 

(z, w(z)) e r, w(z ) = w , (2.1.5) 

where the function w{z) is holomorphic. Therefore, in this case z is a complex local coor- 
dinate also called local parameter on T in a neighborhood of Pq — (zq,wq) G T. Similarly, 
dF 

if the derivative — — is nonzero at the point Pq = (zq,wq), then we can take w as a local 

dz 

parameter (an obvious variant of the lemma), and the surface T can be represented in a 
neighborhood of the point Pq under study in the following parametric form 

(z(w),w)€T, z(w ) = z , (2.1.6) 

where the function z(w) is, of course, holomorphic. For a nonsingular Ricmann surface it is 
possible to use both ways for representing the Ricmann surface on the intersection of domains 

dF dF 

of the first and second types, i.e., at points of T where — — ^ and — — ^ simultaneously. 

dw dz 

The resulting transition functions w = w(z) and, inversely, z — z(w) are holomorphic. 
Below we consider mainly nonsingular Ricmann surfaces (as already mentioned above, in 
this case our definition of a Ricmann surface coincides with the more general one explained 
below). The preceding arguments show that such Ricmann surfaces are complex manifolds 
(with complex dimension 1). The choice of the variables z or w as a local parameter is not 
always most convenient. We shall also encounter other ways of choosing a local parameter 
t so that the point (z, w) of T can be represented locally in the form 

z = z(t), w = w(t) (2-1-7) 

where z(j) and w(t) are holomorphic functions of t, and 

(£■£)">■ <- 8 » 

Remark 2.1.6. It is easy to show that the nonsingularity condition implies irreducibility 
of the algebraic curve F(z,w) — i.e., the impossibility of decomposing its equation into 
nontrivial factors F — F1F2 where Fi and F2 are polynomials of positive degree (verify it!). 

Let us consider a Riemann surface T defined in C 2 by a monic polynomial 

F(z, w) = w n + a^w™- 1 + ■■■ + a n (z) = 0. (2.1.9) 
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Here the a\{z) 1 . . . , a n (z) are polynomials in z. This Ricmann surface is realized as an n- 
sheeted covering of the z-plane. The precise meaning of this is as follows: let n : T — > C be 
the projection of the Riemann surface onto the z-plane given by the formula 



tt(z, w) = z. 

Then for almost all z the preimage tt~ 1 (z) consists of n distinct points 

(2,101(2)), (z,w 2 (z)), ,...(z,w n (z)), 



(2.1.10) 



(2.1.11) 



of the surface T where 101(2),. . . ,w n (z) are the n roots of (2.1.9) for given value of z. For 
certain values of z, some of the points of the preimage can merge. This happens at the 
branch points (zq, u>o) of the Riemann surface where the partial derivative F w (z, w) vanishes 
(recall that we consider only nonsingular curves so far). 

Lemma 2.1.7. Let (20,100) be a branch point of a Riemann surface. Then there exists a 
positive integer k > 1 and k functions 101(2), . .., w k {z) analytic on a sector S Pt $ of the 
punctured disc 

< \z — 2o| < p, arg(z — z ) < (j) 
for sufficiently small p and any positive <j> < 2tt such that 

F(z,Wj(z))=0 for z&Sp^, j = l,...,k. 

The functions w\(z), . . . , Wk(z) are continuous in the closure S p ,<p and 

wi{z ) = ■■■ = w k (z ) = w . 

Proof. By the nonsingularity assumption F z (z , w n ) ^ 0. So the complex curve F(z, w) = 
can be locally parametrized in the form z = z(w) where the analytic function z(w) is 
uniquely determined by the condition z(w n ) = z . Consider the first nontrivial term of the 
Taylor expansion of this function 



z(w) = z + a k (w - w a ) k + a k+ i(w - w ) k+1 + . . 
Introduce an auxiliary function 

ak+1 (w-w ) + O((w-w ) 2 ) 



f(w) = (3{w - w ) 



1 + 



a k 



/3(w - io ) 



l + ^±±( w ^ W0 ) + O((w-w Q ) 2 ) 

K OL k 



where the complex number j3 is chosen in such a way that (3 k = a k . The function f(w) 
is analytic for sufficiently small \w — wq\. Observe that f'(wo) —(3^0. Therefore the 
analytic inverse function f" 1 locally exists. The needed k functions 101(2), . . . , w k (z) can 
be constructed as follows 



u j (z) = f- 1 (e 2 ^ 1 (z-z ) 1 / k ), j = l,...,k (2.1.12) 
where we choose an arbitrary branch of the fc-th root of (2 — 20) for z e S p ^. □ 
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these values are called ramification points of the Riemann surface. If zq is a branch point 
then the polynomial F(zq,w) has multiple roots. The multiple roots can be determined 
from the system 

F(z Q ,w) = 
F w (z ,w) = 



(2.1.13) 



Recall that the projection it is a local isomorphism in a neighborhood of the points where 
the partial derivative F w ^ 0. The ramification points on the z-plane can be determined, 
therefore, as the zeros of the discriminant R(z) of F(z,w) considered as a z-dependent 
polynomial in w: 

R(z) = H(w i (z)-w j (z)) 2 . (2.1.14) 

i<j 

The right hand side of (2.1.14) is a symmetric function of the roots hence it can be expressed 
as a polynomial in the coefficients ai(z), a 2 (z), . . . , a n (z). It also is the greatest common 
divisor of the z-dependent polynomials in w, F(z, w) and F w (z, w). The discriminant can be 
computed as the determinant of a (2n— 1) x (2n — 1) matrix constructed from the coefficients 
of the polynomials 



F = w n + aiw n H h a n -iw + a r , 



and 



F w = nw n 1 + (n - l)cnw n 2 + ■■■ + a„_i 

/ 1 ai 
1 



R{z) = (-lj^^det 



0,2 

ai 










n (n— l)ai (n — 2)a 2 
n 







(n — l)ai 




a n-l 



2a n -2 







.0 \ 
.0 



«n 

..0 
..0 



a„_i / 
(2.1.15) 

For example, the discriminant of a cubic monic polynomial is given by the formula 



R(z) 



■det 



/ 1 




«2 


03 


\ 





1 


ffll 






3 


2ai 


«2 











3 


2oi 


02 





V o 





3 


2oi 


a 2 / 



2 2 
0^2 - 



4a^ - 4a Ja 3 + 18ai a 2 a 3 - 27ag . (2.1.16) 



One can show that the discriminant -R(z) is not identically equal to zero if the polynomial 
F(z,w) is not divisible by the square of a polynomial of a positive degree. So, in the 
nonsingular case there are only finitely many ramification points on the complex z-plane. 

Example 2.1.8. Hypcrclliptic Riemann surfaces have the form 



w 2 = P n {z), 



(2.1.17) 
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where P n (z) is a polynomial of degree n. These surfaces are two-sheeted coverings of the 
z-plane. Here F(z,w) — w 2 — P n (z). The gradient vector grad c P = (—P^(z),2w). A point 
(z ,u> ) <E T is singular if 

w = 0, P' n {z ) = 0. (2.1.18) 
Together with the condition (2.1.17) for a point (z ,w ) to belong to T we get that 

P n (z ) = 0, P' n {z ) = 0, (2.1.19) 

i.e. zo is a multiple root of the polynomial P n {z). Accordingly, the surface (2.1.17) is 
nonsingular if and only if the polynomial P n {z) does not have multiple roots: 

n 

Pn(z) = Y[(z - Zi ), z t + Zj , for i + j. (2.1.20) 

»=1 

We find the branch points of the surface (2.1.17). To determine them we have the system 

w 2 = P n (z), io = 0, 

which gives us n branch points Pj = (z = Zi, w = 0), i = 1, . . . , n. In a neighborhood 
of any point of T that is not a branch point it is natural to take z as a local parameter, 
and w — y/P n {z) is a holomorphic function. In a neighborhood of a branch point Pj it is 
convenient to take 

t = ^z~^z~, (2.1.21) 

as a local parameter. Then for points of the Riemann surface (2.1.17) we get the local 
parametric representation 



z^Zi + r 2 , w = t T[(t 2 + Zi - Zj ) (2.1.22) 

where the radical is a single- valued holomorphic function for sufficiently small r;(the expres- 
sion under the root sign does not vanish), and dw/dr ^ for r = 0. 

We study the structure of the mapping tt in (2.1.11) in a neighborhood of a branch point 
Pq = (zq,wo) of r. Let t be a local parameter on T in a neighborhood of Pq. It will be 
assumed that z(r = 0) = z , w(t = 0) = w - Then 



z = z + ar p + 0(t p+1 ) 
w = w + bT q + 0(T q+1 ), 



where a and b are nonzero coefficients. Since w can be taken as the local parameter in a 
neighborhood of Pq it follows that q — 1 . We get the form of the surface T in a neighborhood 
of a branch point: 



z = z + a T P + 0(tP +1 ), 
w — w + br + 0(t 2 ), 



(2.1.24) 
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where p > 1. Thus, the points of the form 

Pi(z) = (z,w + eictfz +...),..., P p (z) = (z,w + e p ctfz~+ ...), (2.1.25) 

— i 

where e±, . . . , e p are the primitive pth roots of unity and c — ba ? lie in the complete inverse 
image n~ 1 (z) in any sufficiently small neighborhood of Pq merging into a single point at this 
point itself (the dots stand for the terms of the form o({/i). 

Definition 2.1.9. The number f = p — 1 is called the multiplicity of the branch point, or 
the branching index of this point. 

For example, for a hyperelliptic surface w 2 — P n (z) all the zeros z = z\ . . . z — z n of the 
polynomial P n (z) give branch points of multiplicity one on the surface. 

Exercise 2.1.10: Prove that the total multiplicity of all the branch points on L over z = zq 
is equal to the multiplicity of z = z as a root of the discriminant R(z). 

Exercise 2.1.11: Consider the collection of n-shcctcd Ricmann surfaces of the form 

F(z,w)= ^2 a ij ziwj (2.1.26) 

i+j<n 

for all possible values of the coefficients a^- (so-called planar curves of degree n) . Prove that 
for a general surface of the form (2.1.26) there are n(n — 1) branch points and they all have 
multiplicity 1. In other words, conditions for the appearance of branch points of multiplicity 
greater than one are written as a collection of algebraic relations on the coefficients a^.. 

2.2 Newton polygon technique. 

Let r be an algebraic curve given by F(z,w) = 0, and assume (0,0) £ L, i.e. in F there 

is no constant term. How can we compute the Puiseux series? Consider ai.oz + ao^w, the 

linear part of F; if for example ao,i 0, then we can set w = — ^f^z + 0(z 2 ), where the 

higher terms can be computed easily It is more difficult when also the linear part is 0. 

In particular consider F = Fq + F± where Fq is the least nonzero homogenous part (let 

say it has degree to). Then F = a m _ z m + • • • + a . m y m and we can solve it substituting 

k = ™ and solving the algebraic equation of degree to for k. Assume that all the roots 

fci, . . . , k m are pairwise distinct, then we can set w — k,- L z + 0(z m+1 ). If the roots are not 

all distinct there may be a real branch point or just a singularity as a simple node. But 

we can take also as Fq the least nonzero quasihomogeneus part with respect to coprime p 

and q, i.e. F = J2 P i+ q j= m o-i t jZ l w : ' and all terms of F\ has pi + qj > m. Then we can set 

, i p 
w = fc ? + zi + . . . . 

The Newton polygon technique is the following procedure: in the plane, mark all 
points where a^j ^ and take the convex hull of this points. This is called the Newton 
polygon of the polynomial. We can assume without loss of generality that the Newton 
polygon touches both axis (otherwise we can divide by some power of w or z). Then one 
edge corresponds to one choose of p and q (the slope of the edge). Let us consider an 
example. 
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Example 2.2.1. Consider F(z, w) = 2z 7 - z 8 - z 3 w + (4z 2 + z 3 )w 2 + (z 8 - z 4 )w 3 - 4zw 4 + 
7z 5 w 5 + (1 — z 2 )w e + 5z 6 w 7 + z 3 w 8 . There are four relevant edges in the convex hull; the 
first contains 2z 7 — z 3 w where we have simply w — 2z 4 so that we get w = 2z 4 + w\ and 
we can interate to obtain another polygon in z and W\. The second edge corresponds to 

— z 3 w + 4z 2 w 2 from which we have w = \z + The third is Az 2 w 2 — Azw 4 + w e = 

w 2 {w 2 — 2z) 2 so that the branches coincide two by two and we have w\ = w 2 = \f2z^ 
and w 3 = W4 = —^/2z2. To address what happen in this case, we have to substitute 
w = \/2z^ +wi and obtain a new Newton polygon in and w\. It happens that the points 
W\ and W2 that coincide in the first approximation are distinct in the second; similarly for 
w 3 and W4. 

In the precious lecture we worked with the assumption that ao(z) = 1. More generally, 
if ao(z) is not constant, we have to consider as Co the complex plane minus ramification 
points and zeroes of a . 



2.3 Riemann surfaces as two-dimensional real manifolds. Com- 
pactification of a Riemann surface. Examples. The genus of 
a Riemann surface. Computation of the genus for hyperelliptic 
surfaces. Monodromy. The Riemann-Hurwitz formula 

It has already been mentioned that an arbitrary Riemann surface is a two-dimensional 
surface (a two-dimensional manifold) from the real point of view. What can be said about 
the topology of this surface? It is easy to see that this surface is connected (verify!). We 
show that it is oriented. 

If z = x + iy is a local parameter in some domain U on T, then x and y are real 
coordinates in U . Another local parameter w = u + iv is connected with the first by a 
holomorphic change of variables w — w(z), dw/dz ^ which thus determines a smooth 
change of real coordinates u — u(x,y), v — v(x,y). The Jacobian of this change has the 
form 

I du du^ 



det 



dx dy 
dv dv 



dw 2 



dz 



>0, 



V dx dy t 

which means that the surface is oriented. The observations that Riemann surfaces are 
connected and oriented do not yet permit us to classify them according to topological type, 
because they are not compact. We now indicate a procedure for compactifying a Riemann 
surface T, i. e. , for adjoining to it some points turning it into a compact complex manifold, 
and hence into a closed oriented surface. We recall first how to compactify the complex 
z- plane C. For this it is necessary to add to C a single "point at infinity" 00. The local 
parameter in a neighborhood of 00 should be taken to be C The holomorphic 

transition functions 

C(z) = ~, z(C)= 1 - 

z c 

appear in the common part of the action of the local parameters z and where z ^ 
and ( 0. We get a surface C with the topology of a sphere (the "Riemann sphere"). 
Topological equivalence to the standard sphere is given by stereographic projection, with one 
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of the poles of the sphere passing into the point oo. Another description of C is the complex 
projective line CP 1 := {{z u z 2 ) | |zi| 2 + \z 2 \ 2 ^ 0, {zi : z 2 ) ~ (\ Zl : Xz 2 ), A e C, A ^ 0}. 
The equivalence CP 1 — > C is established as follows: (z\ : z 2 ) — > z = — . The affine part 

^2 

{^2 7^ 0} of CP 1 passes into C and the point (1 : 0) at infinity passes into oo. To compactify 
any (algebraic!) Ricmann surface T, F(z,w) = 0, we embed it in CP 2 . Here CP 2 is the 
(complex) projective plane: the collection of nonzero complex vectors (£ : t] : Q determined 
up to multiplication by a nonzero complex factor, 

(£ : // : s 'i ~ i Ai : A;/ : AC), A , II. 

This is a compact complex manifold. (Projective spaces of higher dimension are defined 
similarly.) The domain in CP 2 given he condition ( ^ is called an affine part of CP 2 . The 



mappings 

(t ■ „ • r\ _ (* - _ _ 
and the inverse mapping 

(z, w) — * (z : w : 1) 

establish an isomorphism between an affine part of CP 2 and C 2 . The whole projective plane 
is obtained from the affine part C 2 by adding the part at infinity of the form (£ : 77 : 0) ~ 
CP 1 ~ S 2 . An embedding of T in CP 2 is defined as follows: let 

where Q(^, f], C) is a homogeneous polynomial in £, ?y and C of degree (we assume that the 
fraction on the right-hand side is irreducible) . A complex curve T (two dimensional surface) 
is given in CP 2 by the homogeneous equation 

Q(S,V,Q=0 (2-3.2) 

The finite (affine) part of the curve T (where C 7^ 0) coincides with T. The associated points 
at infinity have the form 

Q(£,r?,C) = o, C = o. 

The surface T is compact and is thus the desired compactification of the surface V. 
Exercise 2.3.1: Prove that the curve (2.3.2) is nonsingular in CP 2 if and only if 

rank [ af S/ac an/a m an/as I = 2 (2.3.3) 



dQ/dt dQ/d V 8Q/0C 
at all points of this curve. 

Example 2.3.2. T = {w 2 = z}. A local parameter at the branch point (z = 0, w = 0) is 
given by r = y/z, i.e. z — t 2 , w = r. The compactification T has the form T = {rf = 
We introduce the coordinates u,v in a neighborhood of the ideal line CP 1 (with £ =/= 0), 
setting 

u= T l = ^ v=<-= 1 -, (2.3.4) 
£ z t, z 
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and the ideal line has the form v — 0. In these coordinates the curve T can be written 
(locally) in the form u 2 = v. Its unique point at infinity is (u = 0,v = 0), and u — w/z — 
\po = l/y/z serves as a local parameter in a neighborhood of this point. In other words, in 
a neighborhood of the point at infinity in T we have that 

z = \, w=—, u — > 0. (2.3.5) 

Example 2.3.3. T = {uu 2 = z 2 — a 2 }. The branch points are (z = ±a,w = 0) and 
the corresponding local parameters arc t± = yj z ± a. The compactification has the form 
T = {rj 2 = £ 2 — a 2 ( 2 }. Making the substitution (2.3.4) we get the form of the curve T in 
a neighborhood of the ideal line: u 2 = 1 — a 2 v 2 . For v = we get that u = ±1. Thus, 
there are two points at infinity, P± = (1 : ±1 : 0) on surface T. We can take v = l/z as a 
local parameter in a neighborhood of each of these points. The form of the surface T in a 
neighborhood of these points P± is as follows: 



z=-, w = ±-y/l-a 2 v 2 , v->0 (2.3.6) 

V V 

where \f\ — a 2 v 2 is, for small v, a single- valued holomorphic function, and the branch of the 
square root is chosen to have value 1 at v = 0. 

Example 2.3.4. T = {w 2 = P2n+i(z)}. This example is analogous to Example 2.3.2. Here 
there is a single point at infinity: we can take u as a local parameter in a neighborhood of 
it. In a neighborhood of the point at infinity the surface T has the form 



u 



2 ' W „2n+l 



2n+l 



1] (1 *«) (2-3-7) 



(here the polynomial P2n+i(z) has the form P2n+i(^) = rii=i" 1 ( z — z i)> the square root is a 
single- valued holomorphic function of u for small u chosen to be 1 at u = 0). 

Example 2.3.5. T = {w 2 = P2 n +2(z)}. This example is analogous to Example 2.3.3. 
Here T has two points P± at infinity, and v — l/z can be taken as a local parameter in a 
neighborhood of them. The form of the surface T in a neighborhood of these points is as 
follows: 



w = ± 



n+l\ 11 
\ i=l 



2n+2 



n (!-*«)> ( 2 - 3 - 8 ) 



(here P2n+2( z ) — Yl^2i 2 ( z — the specification of the square root is analogous to that 
above) . 

In what follows we shall not put a hat on T, assuming always that the Riemann surface 
r has been suitably compactificd. It is well known that connected compact (i.e., closed) 
oriented two-dimensional surfaces have a simple topological classification. They are all 
spheres with g handles, g > (see [14]). The operation of gluing on a handle is represented 
in the figure. The number g of handles is called the genus of the surface. Here there are the 
simplest examples of a sphere with handles: 
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The genus of a Ricmann surface is the most important characteristic of it. Let us compute 
the genus of the surfaces in the examples 2.3.2-2.3.5. We begin with Example 2.3.3. Delete 
the segment [—a, a] with endpoints at the branch points from the z-plane C. Off this segment 
it is possible to distinguish the two branches w± = ±V z 2 — a 2 of the two-values function 
w(z) = \J z 2 — a 2 , that do not get mixed up with each other. In other words, the complete 
image 7r _1 (C\[— a, a]) on T splits into two pieces, with the mapping ir an isomorphism on 
each of them. The branches w + {z) and w-(z) are interchanged in passing from one edge 
of the cut [—a, a] to the other. Therefore, the surface is glued together from two identical 
copies of spheres with cuts according to the rule indicated in the figure. After the gluing 
we again obtain a sphere, i.e., the genus g is equal to zero. Example 2.3.2 is analogous to 
Example 2.3.3, but the cut must be made between the points and oo, i.e. the point at 
infinity must be regarded as a branch point. Again the genus is equal to zero. 

In Example 2.3.5 it is necessary to split up the branch points arbitrarily into pairs and 
make cuts (arcs) in C joining the paired branch points (n+1 cuts in all). The surface T is 
glued together from two identical copies of a sphere with such cuts, with the edges of the 
corresponding cuts glued together in "cross- wise" fashion (see the figure for n = 1). It is 
not hard to see that a sphere with n handles is obtained after the gluing, i.e., the genus g is 
n. 

In Example 2.3.4 the situation is analogous, except that in making the cuts it is necessary 
to take oo as one of the branch points. The genus g is again equal to n. 

Exercise 2.3.6: Suppose that all the zeros z\ < ■ ■ ■ < z 2n +i of the polynomial P2n+i(z) are 
real. We choose the segments [z\, Z2], [23, 24], ... , [z2n+i, 00] of the real axis as the cuts for 
the surface T = {w 2 = P2n+i(z)}- The function w(z) = yj P 2n +i(z) which is single-valued 
on each sheet of T formed after removal of the cycles n~ 1 ([zi,Z2\), ■ ■ ■ ,^ 1 ([z2n+i,°°]) is 
real on the edges of these cuts on each of the sheets. Show that on each sheet the sign of the 
square root \J P2n+i{z) on the upper edge of the cut alternates (see the figure for a possible 
distribution of signs). 

For more complicated Riemann surfaces it is not easy to determine their topological 
structure. Here it is useful to exploit the monodromy group of the Riemann surface, which 
we now define. Let delete from C the branch points zi, . . . ,zn and delete frm T the complete 
inverse images n^ 1 (zi), . . . , tt~ 1 (zn) of these points. We get a surface r that is a n-sheeted 
covering of the punctured sphere C\(zi U • • • U z^). The monodromy group of the Riemann 
surface is the monodromy group of this covering. We recall the general definition of the 
monodromy group of a covering in connection with this case (see [13] for more details). Fix 
a point * G C\(zi U • • - Uzn) and number the points Pi, . . . , P n in the fiber 7r -1 (*) arbitrarily 
(these points are all distinct). Any closed contour in C\(zi U • • • U Zn) beginning and ending 
at * gives rise to a permutation of the points Pi,...,P n of the fiber after being lifted to 
r . We get a representation of the fundamental group 7Ti(C\(z 1 U • • • U z^),*) (the free 
group with N-l generators) in the group S of permutations of n elements; this is called the 
monodromy representation. The image of this representation in S n is called the monodromy 
group. For hyperelliptic Riemann surfaces the monodromy group coincides S2 = Z2 In the 
general case the action of the generators of the monodromy group that correspond to circuits 
about branch points is determined by the branching indices. 

Exercise 2.3.7: Let z be the image of a branch point, and let the complete inverse image 
7r _1 (z ) on T consist of the branch points Pi, . . . , Pk of multiplicity fi,...,fk, respectively 
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(if some point Pj is not a branch point, then we set fi = 0). Prove that to a cycle in 
C encircling zq once there corresponds an clement in the monodromy group splitting into 
cycles of length /i + 1, fk + 1. This assertion gives a purely topological definition of the 
multiplicities (indices) of branch points. 

Remark 2.3.8. The monodromy corresponding to circuits about the point z = oo is uniquely 
determined by the monodromy corresponding to circuits about the images of the finite 
branch points. Indeed, a contour encircling only the point z = oo splits into a product of 
contours encircling all the finite branch points, and we get the monodromy at infinity by 
multiplying the corresponding elements of the monodromy groups at the finite points. For 
example, for the surface w 2 = P2 n +2(z) the monodromy at infinity is trivial (the correspond- 
ing contour in the z-planc encircles an even number of branch points), i.e., this surface has 
no branch points at infinity. But for the surface w 2 = P2„+i(z) the monodromy at infinity 
is nontrivial, because here a contour encircling z — oo encircles an odd number of branch 
points. We thus see once more that the point at infinity of the surface w 2 = P2n+i{z) is a 
branch point. 

Exercise 2.3.9: Prove that for a general surface of the form (2.1.26)) the monodromy group 
coincides with the complete symmetric group S n . Hint. Show that the branch points of such 
a surface can be labeled by pairs of distinct numbers i ^ j, (i,j = l,...,n) in such a way that 
a circuit about the images of the points Pij and Pji gives rise to a transposition of the ith 
and jth points of the fiber ( when these points are suitably numbered). 

In the conclusion of this lecture we indicate a formula (the Ricmann-Hurwitz formula) 
expressing the genus of a Riemann surface in terms of the total multiplicity / of its branch 
points and the number n of sheets. This formula is 

g =l-n + l. (2.3.9) 

Exercise 2.3.10: Prove the Riemann-Hurwitz formula. Hint, triangulate the sphere C in 
such a way that the images of the branch points are vertices of the triangulation. Let ci, C2 
and C3 be the numbers of vertices, edges, and triangles, respectively, of the triangulation. 
Lift this triangulation to the surface T by means of the mapping ir. Let Co, c\ and 62 be 
the number of vertices edges and triangles of the lifted triangulation. Find the connection 
between the numbers Cj and Cj, i = 0,1,2. Use the theorem of Euler characteristics ([14], 
chapt 3): 2 = cq — c\ + C2 for a sphere and 2 — 2g = cq — c\ + £2 for the surface T. 



2.4 Meromorphic functions on a Riemann surface. Holomorphic 
mappings of Riemann surfaces. Biholomorphic isomorphisms 
of Riemann surfaces. Examples. Remarks on singular algebraic 
curves 

Definition 2.4.1. A function f = f{z 1 w) is meromorphic on a Riemann surface T = 
{F(z, w) = 0} if it is a rational function of z and w, i.e., has the form 
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where P(z,w) and Q{z 1 w) are polynomials, and Q(z,w) is not identically zero on T. 

The mcromorphic functions on the surface T form a field whose algebraic structure 
actually bears in itself all the information about the geometry of the Riemann surface. 

Definition 2.4.2. -A function f is a meromorphic function on a Riemann surface T if it is 
holomorphic in a neighborhood of any point ofT except for finitely many points Qi, ■ ■ ■ ,Q m 
i.e., can be represented locally in the form f = /(r), where t is a local parameter, and 
df/df — 0. At the points Qi, . . . ,Q m the function f has poles of respective multiplicities 
q\, . . . , q m i.e., in a neighborhood of any point Qi it can be represented in the form 

/ = rr«/ i (r i ), (2.4.2) 

where Ti is a local parameter in a neighborhood of the point qi, Ti(Qi) = /i(rj) is a 
holomorphic function for small Ti and fi{ri) ^ 0. 

It is easy to verify that Definition 2.4.1 is unambiguous, i.e., is independent of the 
choice of the local parameter, and also that the definition of the multiplicity of a pole is 
unambiguous. It is not hard to verify also that the conditions of Definition 2.4.2 follow from 
the conditions of Definition 2.4.1. The following result turns out to be true. 

Theorem 2.4.3. Definitions 2.4-1 and 2.4-2 are equivalent. 

We do not give a proof of this theorem; see, for example, [27] or [6]. 

Example 2.4.4. A hypcrclliptic Riemann surface w 2 = P2n+i{z). Here the coordinates 
z and w are single- valued functions on T and holomorphic in the finite part of V. These 
functions have poles at the point of T at infinity: z has a double pole, and w has a pole 
of multiplicity 2n + 1. This follows immediately from the formula (2.3.7). If P2n+i{ z ) — 
rii=i" 1 ( z — then the function l/(z — Zi) has for each i a unique second order pole on T 
at the branch points. This follows from (2.1.22). We mention also that the function z has 
on r two simple zeros at the points z — 0, w = P2n+i(0) which merges into a single 
double zero if P2n+i(0) = 0. The function w has 2n + 1 simple zeros on T at the branch 
points. (The multiplicity of a zero of a meromorphic function is defined by analogy with the 
multiplicity of a pole.) 

Example 2.4.5. . A hypcrclliptic Riemann surface w 2 = P2n+2(z). Here again the func- 
tions z and w are holomorphic in the finite part of T. But these functions have two poles at 
infinity (in the infinite part of the surface T): z has two simple poles, and w has two poles 
of multiplicity n + 1. This follows from the formulas (2.3.8). 

Exercise 2.4.6: Prove Theorem 2.4.3 for hypcrclliptic Riemann surfaces. Hint. Let / = 
f(z,w) be a meromorphic (in the sense of Definition 2.4.2) function on the hyperelliptic 
Riemann surface w 2 = P{z). Show that the functions /+ = f(z,w) + f(z,—w) and /_ = 
w~ x (f(z, w) — f(z, —w)) are rational function of z. 

Remark 2.4.7. 1. It is not hard to prove that there are no nonconstant holomorphic functions 
on (compact) Riemann surfaces. Indeed, such a function attains its maximum on T, and 
hence must be constant by the maximum principle. 
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Holomorphic mappings of Ricmann surfaces arc denned by analogy with meromorphic 
functions on Riemann surfaces. If T = {F(z,w) = 0}, T = {F(z,w) = 0}, then a holo- 
morphic mapping / : L — > L is defined by a pair of meromorphic functions z — fi(z,w), 
tb = fi{z, w). In other words, if r is a local parameter on L in a neighborhood of the point 
/(P), then f must be written locally in the form f = ?/>(t), where ip is a holomorphic function 
of t. It follows from Theorem 2.4.3 that these two definitions are equivalent (verify!). 
Example 2.4.8. . Let / be a meromorphic function on T. It determines a mapping of T 
to CP 1 where the poles pass into the point at infinity. Let us verify that this mapping is 
holomorphic. This is obvious in a neighborhood of regular points. Let z be a local coordinate 
in the finite part of CP 1 , and ( = 1 / z the local coordinate at infinity oo e CP Z . Assume 
that the function has a pole of order k at the point Pq G L, f(Po) = oo e CP 1 , i.e., it can 
be written in terms of a local coordinate r in the form 

z = f(P) = ^ + 0(r- k + 1 ), c^O, 

where r(P ) = 0. Then ( = y^jyj = c ~ lrfe + 0(r k+1 ), i.e., the mapping has a zero of 
multiplicity k at P . 

To prove the simplest properties of meromorphic functions on Ricmann surfaces it is 
useful to employ arguments connected with the concept of the degree of a mapping. The 
key point here is the following circumstance (valid for holomorphic mappings of arbitrary 
complex manifolds of the same dimension) . Let / : T — > T be a holomorphic mapping of the 
surface L into L and let P e T be a regular value of this mapping. Then the degree of / 
is equal to the number of inverse images of P. Indeed, if f(P) = P, and r and f are local 
parameters in neighborhoods of P and P, respectively, with t(P) = f{P) = 0, then / can 
be written locally as a holomorphic function f = ip(r) and dtp/dr ^ 0. The Jacobian of this 
mapping at P is equal to \(dip/dT)(0)\ 2 > 0, and this proves the stated assertion. 

Exercise 2.4.9: Prove that for any meromorphic function on a Ricmann surface T the 
number of zeros is equal to the number of poles (zeros and poles are taken with multiplicity 
counted) . 

Branch points and their multiplicities are defined for holomorphic mappings of Ricmann 
surfaces, as is the number of sheets. The branch points are the critical points of the mapping 
F-.T^t. 

In a neighborhood of such points F can be written in terms of local parameters in the 
form f = ip(r), where (dtp/dT)(0) = 0. The multiplicity of a branch point is the multiplicity 
of the zero of the derivative dip/dr at r = 0. It is clear that for f = CP 1 , this definition 
coincides with the definition in Lecture 2.1. Next, the number of sheets is the degree of the 
mapping F. 

Exercise 2.4.10: Let g be the genus of the surface L, g the genus of T and n the number 
of sheets of the mapping, and / the total multiplicity of the branch points of F. Prove the 
following generalization of the Riemann-Hurwitz formula (see Lecture 2.3) 

g=t=ng-n + l. (2.4.3) 
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Definition 2.4.11. A mapping F :T — » T is called a biholomorphic isomorphism if it is bi- 
holomorphic and and its inverse is biholomorphic. It is not hard to derive from Theorem2.^.3 
that the class of biholomorphic isomorphisms of Riemann surfaces coincides with the class of 
birational isomorphisms (the mapping itself and its inverse are given by rational functions: 
z = z(z,w), w = w{z,w) and z = z(z,w), w = w(z,w)).In what follows we use these two 
terms interchangeably. 

The following is obvious but important. 

Lemma 2.4.12. If the surfaces T and T are biholomorphically (birationally) isomorphic, 
then they have the same genus. 

Proof. A biholomorphic isomorphism is clearly a homeomorphism. But the genus is invariant 
under homeomorphisms [14]. The assertion is proved. □ 

Definition 2.4.13. A Riemann surface T is said to be rational if it is biholomorphically 
isomorphic to CP 1 . 

The genus of a rational surface is equal to zero. It turns out (see Lecture 2.7) that this 
condition is also sufficient for rationality. 

Exercise 2.4.14: Let T be a Riemann surface of genus g > 1. Prove that there is no 
meromorphic function on T with a single simple pole. 

Example 2.4.15. The surface w 2 — z. This surface is rational. A birational isomorphism 
onto CP 1 is given by the projection (z,w) — > w. 

Exercise 2.4.16: Show that the surface w 2 = Pz(z), where P2(z) is a quadratic polynomial, 
is rational. An explicit form of a rational paramctrization of this surface is given by the 
Euler substitutions known from integral calculus. 

Example 2.4.17. A surface with w 2 = P2 g +2{z) with g > 1 is nonrational. We show that 
any such surface is birationally isomorphic to some surface of the form w 2 = p2 g +\{z). Let 
zo be one of the zeros of the polynomial P 2s+ 2(z), and let 

1 w 

z = , w = 



z ' (z-z )9+^ 
The inverse mapping has the form 

1 w 

z = z + - , w= — 



Z9+ 1 ' 

If P 2g +2(z) = (z- z ) \\HX\z - m), then P 2g+ i(S) = ifilVi 1 + ( z o + zjz). Thus, both 
"types" of hyperelliptic Riemann surfaces considered in Lecture 2.1 give the same class of 
surfaces. 

In the conclusion of this lecture we return to the question of singular complex algebraic 
curves r = {F(z,w) = 0}. It turns out that there is always a nonsingular Riemann surface 
T (a complex one-dimensional manifold) such that the curve T is given in the z = z(P), 
w = w(P), where z(P) and w(P) are meromorphic functions on T. The surface T can be 
chosen in a minimal (or universal) way in the following sense of the word. If Ti is another 
such surface, then its mapping to the curve T factors through a holomorphic mapping 
fi->f. " 
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Example 2.4.18. We consider what happens when a multiple zero of the polynomial 
P2g+i{z) appears in the equation w 2 — P2 g +i{z) of a hyperelliptic curve. Let P2 g +i{z) = 
(z—z ) 2 (z—Zi), where the numbers z ,Z\,..., z 2g +i are pairwise distinct. We consider 

the curve 

2g-l 

T: w 2 = (z-z ) 2 Y[(z-Zi), 

i=l 

(this curve can be thought of as coming from the nonsingular Ricmann ; w 2 = n?=i 1 ( z ~ 
2»),by the confluence z 2g — » z , z 2g +i — > zo) and the Riemann surface 

2g-l 

f : w 2 = Hiz-Zi), 

i=l 

of genus g — 1. The mapping f — > L is given by the formulas z = z, w = w(z — z ). It is not 
hard to verify the universality property. 

We do not give a general construction of the desingularization (see [22]). We point out 
that for singular curves F(z,w) — 0, the surface L (which is always nonsingular!) is called 
the Ricmann surface of the algebraic function w — w(z). Note that the collection of rational 
functions of z, w on the singular curve T can be identified in a natural way" with a certain 
subfield of the field of meromorphic functions on the desingularization T. 
Example 2.4.19. The "Enriques curves" with g singularities of double point are obtained 
from the Riemann sphere CP 1 = C by identifying g pairs of points a\,b\, . . . ,a g ,b g . Thus, 
the rational functions on a Enriques curve are the rational functions f(z) on the complex 
plane, zeC that satisfy the conditions 

f{a i ) = f{b i ), i = l...,g. (2.4.4) 

More complicated singularities (of " beak" type) are obtained by fixing a collection of points 
q, Cfe and imposing on the rational functions f(z) the conditions 

f(d)=0=, i = l,...,k. (2.4.5) 

More complicated singularities are also possible. 

2.5 Differentials on a Riemann surface. Holomorphic differentials. 
Periods of closed differentials. Cycles on a Riemann surface, 
the intersection number, canonical bases of cycles. A relation 
between periods of closed differentials 

Let z = x + iy be a local parameter in some domain of a Ricmann surface L. The differential 
1-forms (also called differentials) on a Ricmann surface can be written locally in the form 
lo = P(x , y)dx + Q(x, y)dy . Introducing a basis dz = dx + idy, dz = dx — idy, we can rewrite 
lo in the form lo = f dz + g dz. The two parts to — f dz and uj — g dz of this expression 
will be called (1,0)- and (0, 1) -forms respectively. The decomposition of a 1-form into the 
sum of (1, 0) and (0, 1) forms is invariant under holomorphic changes of the local parameter 
(verify!). 
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^=(^:-U)dzAdz (2..-,l) 



Lemma 2.5.1. The following relation holds 

dg 

dz dz 
The proof is obvious. 

Corollary 2.5.2. A (1, 0)-form u = f dz is closed if and only if the function f is holomor- 
phic. 

Definition 2.5.3. A differential u> is called holomorphic (or a differential of the first kind,) 
if it can be written locally in the form w = f(z)dz, where f(z) is a holomorphic function of 
the local parameter z. 

Example 2.5.4. Let us consider holomorphic differentials on a hyperelliptic Riemann sur- 
face 

23+1 

r = {w 2 = P 2g+ i(z)}, P 2g+1 (z) = H (Z - Z k ) 

fc=l 

of genus g>l. Let us check that the differentials 

z k ~ 1 dz z k ~ 1 dz , 
Vk = = ~t= , k = l,...,g 2.5.2 

are holomorphic. Indeed, holomorphicity at any finite point but branch point is obvious as 
the denominator does not vanish. We verify holomorphicity in a neighborhood of the z-th 
branch point Pi = {z = Zi, w — 0}. Choosing the local parameter r in a neighborhood of 
Pi in the form r = y/z — z~i, we get from (2.1.22) that r/k — - 0fe(r)dT, where the function 

, , , 2(z J + r 2 ) fc - 1 



Uifrir 2 + ** - *>j) 



is holomorphic for small r. 

At the point at infinity the differentials r/k can be written in terms of the local parameter 
u = z~z in the form rjk = <f>k(u)du, where the functions 



■2g+i 

n (i 

. i=l 



k = l,...,g 



<j> k {u) = -2u 2 ^- k ) 

are holomorphic for small u (see the formulas (2.3.7)). 

In the same way it can be verified that the differentials ry~ = z k ~ 1 dz/w, k = 1, . . . ,g are 
holomorphic on the Riemann surface w 2 = P2 g +2{z). 

Exercise 2.5.5: Suppose that the Riemann surface has the form (2.1.26), the curve (2.1.26) 
is nonsingular, and the equation a ij^ = nas n distinct roots Ci, • ■ • , C«- Show that 

the differentials 

z l w d dz 

Vij = T7^- (2.5.3) 

dF(z,w)/dw 
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are holomorphic on T for i + j < n — 3. (The condition in the problem means that the n-th 
degree curve of the form 

X V'c" j = o 

i+j<n 

is nonsingular in CP 2 (verify!)). 

We return to arbitrary closed forms lo. For any closed oriented contour (cycle) 7 on T, 
the period of a closed differential to along the contour 7, is defined as § to. This period does 
not depend on the deformations of the contour 7 (verify!). More generally, if the contour 
7 (which is not necessarily connected) is the oriented boundary of some domain on the 
surface T (i.e., is homologous to zero), then the period §^uo is equal to zero. Indeed, by 
Stokes formula 

(p w = I I cLo = 0. 

Thus, the period depends only on the homology class of oriented closed contours 
(cycles). Recall that two cycles 71 and 72 are said to be homologous if their difference 
7i — 72 = 7i U (—72) (where (—72) is the cycle with the opposite orientation) is the oriented 
boundary of some domain on T. For example, any two cycles on a surface of genus zero 
are homologous. 

Suppose that the genus g is > 1. We present facts from the homology theory of the 
surface that are needed in what follows. On such a surface it is possible to choose basis of 
cycle ai, ... ,a g ,bi, ... ,b g such that any cycle 7 is homologous to a linear combination of 
them with integer coefficients. We write this as follows: 

g g 
7 ~ ^TOi^ + ^n;& i; m i ,n i <E'L. 

For example, for g — 1 or 2 the cycles ai and bi can be chosen as shown in the figure 1. The 
intersection number 71 o 72 is defined for any two cycles 71 and 72 on T. Namely, suppose 
that all points of intersection of the cycles 71 and 72 arc in pairs and the cycles at these 
points are not tangent to each other. At each intersection point there is an ordered reference 
frame consisting of the tangent vectors to the respective cycles 71 and 72 with the direction 
of the tangent vectors chosen to correspond to the orientation of the cycles. The intersection 
points are assigned the number +1 if the orientation of this frame coincides with that of the 
surface, and —1 otherwise (see the figure). The sum of these numbers ±1, taken over all 
points 

of intersection of 71 and 72 is the intersection number 71 o 72. Properties of the intersection 
number: 1) 71 072 depends only on the homology classes of 71 and 72; 2) the scalar product 
7i°72 is bilinear, skew-symmetric, and nondegenerate. Nondegenerate means that if 71072 = 
for every cycle 72, then the cycle 71 is homologous to zero. See [13] or [14] for proofs of 
these properties. A basis of cycles a\, . . . a g , b\, . . . , b g on a surface T of genus g can be 
chosen so that the pairwise intersection number have the form 

^ o ctj = b { o bj = 0, a,o b = % , i, j = 1 . . . , g. (2.5.4) 
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Figure 1: Intersection of 71 and 72. 



Such a basis will be called canonical. For example, for surfaces of genus g = 1 or 2, the basis 
of cycles pictured in the figure above is canonical. Note that if for a cycle 7 and a canonical 
basis 01, . . .a g , bi,...,b g the intersection numbers are 70^ = n i; jobj = mj, i,j = l...,g, 
then the decomposition of 7 in the basis has the form 

9 9 

7 = ^ m i a i ~ X! nibi - 
i=l i=l 

This simple consideration is useful in practical computations with cycles on Riemann sur- 
faces. A canonical basis of cycles on a Riemann surface T of genus g has another remarkable 
property. Let us construct the cycles a, and bj so that they all begin and end at a particular 
point * of r and otherwise do not have common points, and let us make cuts along these 
cycles. As a result the surface T becomes a (4g)-gon T - a so-called Poincare polygon of T. 
Indeed, the domain T obtained as a result of the cutting is bounded by a closed contour dT 
made up of Ag segments, and any cycle in T is homologous to zero by property 2 of intersec- 
tion number. Therefore, T is a simply connected planar domain. Conversely, it is possible 
to glue the surface T together from the (4g)-gon T by identifying its sides of the same name 
in the way indicated in the figure. In the figure, we write a^ 1 and b^ 1 the edges of the cut 
along the cycles a, and i>j, respectively, if these edges occur in the oriented boundary dT 
with a minus sign. The segment dj is glued together with the segment a" 1 and bi with the 
segment b^ 1 in the direction indicated by the arrows. 

Example 2.5.6. Let us construct a canonical basis of cycles on the hyperelliptic surface 
w 2 = Yl^^ 1 (z — Zi) , g > L We represent this surface in the form of two copies of C (sheets) 
with cuts along the segments [z\, Z2], [23, Z4], . . . , [z2 g +i, 00]. A canonical basis of cycles can 
be chosen as indicated on the figure for g = 2 (the dashed lines represent the parts of a\ 
and a?, lying on the lower sheet). 

In concluding this lecture we prove a technical assertion important for what follows, a 
bilinear relation between the periods of closed differentials. 
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Figure 2: Poincare polygon for surfaces of genus one and two. 



Figure 3: Homology basis. 



Lemma 2.5.7. Let ui and u>2 be two closed differentials on a surface T of genus g > 1. 
Denote their periods with respect to a canonical basis of cycles a\,...,a g , bi,...,b g , by 
A u B, andA\, B[: 



Ai= f w, Bi= [ u, A\ = f J, B\ = f J. 



(2.5.5) 



Denote by f — f u> the primitive of u), which is single-valued on the surface T cut along Oi, 
bj, then 

J jf w a j = fj = Ys A i B 'i - A 'i B i)- ( 2 - 5 - 6 ) 

Proof. The first of the equalities in (2.5.6) follows from Stokes' formula, since d(foj') = uiAu'. 
Let us prove the second. We have that 
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To compute the i-th term in the first sum we use the fact that 

Pi 

f(Pi) - f(Pt) = J cj = -Bt (2.5.7) 

since the cycle P-Pi, which is closed on T, is homologous to the cycle (— bi) (see the figure; a 
fragment of the boundary dT is pictured). Similarly the jump of the function / in crossing 
the cut bi has the form 

Qi 

)f(Qi) - f(Q'i) = j 'u; = Ai (2.5.8) 

Q'i 

since the cycle Q'iQi on T is homologous to the cycle aj. Moreover, u/(P/) = oj'(Pi) and 
^'(Qi) — u'(Qi) because the differential u>' is single-valued on T. We have that 

( f(PiW(Pi) + f mw(Pi) = f f(PiW(Pi) + f (f(Pi) + Bi)w'(Pi) 

J CLi J a i J CLi J CLi 

= -Bi f J {Pi) = -BiA'i 
where the minus sign appears because the edge a^ 1 occurs in dT with a minus sign. Similarly, 

Summing these equalities, we get (2.5.6). The lemma is proved. □ 

2.6 Riemann bilinear relations for periods of holomorphic differen- 
tials and their most important consequences. Elliptic functions 

We derive some important consequences for periods of holomorphic differentials from the 
lemma proved at the end of the last lecture the so-called Riemann bilinear relations. Ev- 
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erywhere in this lecture we denote by a\,...,a g , b\,...,b g the canonical basis of cycles on 

r. 

Corollary 2.6.1. . Let uo be a nonzero holomorphic differential on T, and A\, . . . , A g , 

B\ , . . . , B g its basisperiods, then 

9 (j2 A kB>)j < 0. (2.6.1) 

Proof. Take w' = u) in the lemma. Then A' { = Ai and B\ = Bi for i = 1, . . . ,g. We have 
that 

l - J J^Au'= l - J J\f\ 2 dzAdz = J J^\f\ 2 dxhdy>Q. 

Here z = x + iy is a local parameter, and u> — f(z)dz. In view of (2.5.6) this integral is 
equal to 



• g I g 

l - A k B k - A k B k = -3 ^ A k B, 
fc=i \fe=i 



k 



The corollary is proved. □ 

Corollary 2.6.2. If all the a-periods of a holomorphic differential are zero, then u = 0. 

This follows immediately from Corollary 2.6.1. 

Corollary 2.6.3. The space of holomorphic differentials on a Riemann surface of genus g 
is no more than g- dimensional. 

The proof is obvious: any holomorphic differential is uniquely determined by its a- 
periods. We saw in example 2.5.4 of the last lecture that on a hyperelliptic Riemann surface V 
of genus g there are g holomorphic differentials (2.5.2), which arc clearly linearly independent 
and, according to Corollary 2.6.3, form a basis in the space of holomorphic differentials on 
T. The following result turns out to hold. 

Theorem 2.6.4. The space of holomorphic differentials on a Riemann surface T of genus 
g has dimension g. 

See [27] for a proof. 

Corollary 2.6.5. On a surface T of genus g there exists a basis W\, . . . ,u) g of holomorphic 
differentials such that 

j> uj k = 2mS jk , j,k=l,...,g. (2.6.2) 
Proof. Let r]i, . . . , r\ g be an arbitrary basis of holomorphic differentials on T. The matrix 

Ajk = i Vk (2.6.3) 

J (LA 
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is nonsingular. Indeed, otherwise there are constants ci,...,c g such that ^2 k Aj k c k = 0. 
But then J2k c kVk = 0, since this differential has zero a-periods. This contradicts the 
independence of the differentials r/i, . . . , r] k . 

g 

u)j =2iri^2A kj rik, j = l,...,g, (2.6.4) 
fe=i 

where the matrix (Akj) is the inverse of the matrix (Aj k ), J2kAikA k j = we get the 
desired basis. The corollary is proved. □ 

A basis wi,...,u) g satisfying the conditions (2.6.2) will be called a normal basis of holo- 
morphic differentials (with respect to a canonical basis of cycles ai, . . . , a g , bi, . . . , b g ) . 

Corollary 2.6.6. Let u>\, . . .u g be a normal basis of holomorphic differentials, and let 

B jk =(f> w fe , j,k = l,...,g. (2.6.5) 
Jb } 

Then the matrix (Bj k ) is symmetric and has negative-definite real part. 

Proof. Let us apply the lemma 2.5.7 to the pair ui — ujj and u>' — u) k - Then u A uj 1 , 
Ai = 2niSij, Bi = Bij,A\ — 2iri5i k , B\ = B ik . By (2.5.6) we have that 

= ^2(2iriSijB ik - 2iri5 ik Bij) = 2m(B jk - B kj ). 

i 

The symmetry is proved. Next, we apply Corollary 2.6.1 to the differential X/?=i x j LJ j where 
all the coefficients real. We have that A k = 2irix k , B k = J2j x jBkj which 

implies 

S(y^ 2nixk J~] xjBkj) = 2n^2(9l(Bkj)xkXj < 0. 

fc j k,j 

The lemma is proved. □ 

Definition 2.6.7. The matrix (Bj k ) is called a period matrix of the Riemann surface T. 

Example 2.6.8. We consider a surface L of the form w 2 = P$(z) of genus g = 1 (an elliptic 
Riemann surface). Let Pz{z) — {z — Z\){z — z 2 )(z — z 3 ) and choose a basis of cycles as shown 
in the figure. We have that 

adz (f dz 

lui = uj = — , a = 2ni 



Note that 



dz 



I -^= = 2/' 



T ai ^P 3 (z) J Z1 y/P 3 (z)' 

The period matrix is the single number 
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Figure 4: Homology basis. 




dz 




adz 



= 2m 



31(B) < 0. 



(2.6.6) 



Jb! 



dz 



Consider the function ("elliptic integral") 



it i 



(P)= f 



(2.6.7) 



JPo 



which is single-valued and holomorphic on the surface T which is obtained by cutting T 
along the cycles a\ and b\. This function is not single-valued on V. When the path of 
integration in the integral (2.6.7) is changed, the integral changes according to the law 
u(P) — > u(P) + J Ldi where 7 is a closed contour (cycle). Decomposing it with respect to 
the basis of cycles, 7 = ma\ + nb\, m and n integers we rewrite the last formula in the form 



We define the two-dimensional torus T 2 as the quotient of the complex plane C = R 2 by 
the integer lattice generated by the vectors 2m and B, 



(the vectors 2m and B are independent over R because 31(B) < 0). The torus T 2 is a 
one-dimensional compact complex manifold. By (2.6.8) the function u(P) unambiguously 
defines a mapping r — > T 2 . It is holomorphic everywhere on T: du — lo and du vanishes 
nowhere (verify!) . It is easy to see that this is an isomorphism. The meromorphic functions 
on the Riemann surface T are thereby identified with the so-called elliptic functions - the 
meromorphic functions on the torus T 2 . The latter functions can be regarded as doubly 
periodic (with a basis of periods 2iri, B) meromorphic functions of a complex variable. 
The absence of nonconstant holomorphic functions on T (see Lecture 2.4) leads to the well- 
known assertion that there are no nonconstant doubly periodic holomorphic functions. For 
comparison with the standard notation of the theory of elliptic functions we note that the 
mapping (2.6.7) is usually taken in the form u(P) — > (27rz) _1 u(P). Then the lattice has the 
form m + nr, r = (2iri)~ 1 B, 9r > 0. 



u(P) 



u(P) + 2mm + Bn. 



(2.6.8) 



T 2 = C/{2TTim + Bn\m,neZ} 



(2.6.9) 
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We give the construction of the mapping T 2 — > L inverse to (2.6.7). Let the torus T 2 
have the form 

T 2 = C/{2mw + 2nJ \m,n€Z}, S(w/u/) > 0. (2.6.10) 
The Weierstrass elliptic function, p(z) is defined by 



1 



(z — 2mu — 2mw') 2 (2mw + 2mw') 2 



(2.6.11) 



It is not hard to verify that the (2.6.11) converges absolutely and uniformly on compact 
sets not containing nodes of the period lattice. Therefore, it defines a meromorphic function 
of z having double poles at the lattice nodes. This function is obviously doubly periodic: 
p(z + 2kuu + 2lui') = p(z), k,l £Z. The Laurent expansions of the functions p(z) and p'(z) 
have the following forms as z — > 



2 , 92* 93Z 3 
z3 10 " 7 

where 



p (z) = + — + + ... , (2.6.13) 



.92 = 60 ^ (2mw + 2mw')" 4 

m 2 +n 2 ^0 

.92 = 140 (2mw + 2mu/)~ 6 , 

m 2 -\-n 2 ^0 



(2.6.14) 



(verify!) . This gives us that the Laurent expansion of the function (p') 2 — 4p 3 — .92 p — 33 has 
the form O(z) as z — > 0. Hence, this doubly periodic function is constant, and thus equal 
to zero. Conclusion: the Weierstrass function p(z) satisfies the differential equation 

(p') 2 = 4p 3 +.92p + 33 . (2.6.15) 

Let us now map the torus (2.6.10) into the elliptic curve 

W 2 = 4Z 3 -g 2 Z-g 3 (2.6.16) 

by setting 

Z = p(z), W = p'(z). (2.6.17) 
This mapping is the inverse of the one constructed above. 

Exercise 2.6.9: Prove that any elliptic function with period lattice {2mui + 2nu>'} can be 
represented as a rational function of p(z) and p'(z) 

Exercise 2.6.10: Consider the Korteweg-de Vries (KdV) equation 

u = 6uu'-u"' (2.6.18) 
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(here u = u(x,t), the dot stands for the derivative with respect to t, and the prime stands 
for the derivative with respect to x). Show that any (complex) periodic solution of it with 
the form of a traveling wave has the form 

u(x, t) — u(x — ct) = 2p(x — ct — x ) — -, (2.6.19) 

where the Weierstrass function p corresponds to some elliptic curve (2.6.16), and the velocity 
c and the phase xq are arbitrary. 

Exercise 2.6.11: (see [12]). Look for a solution of the KdV equation in the form 

u{x, t) = 2p(x - a;i(t)) + 2p{x - x 2 (t)) + 2p(x - x 3 (t)). (2.6.20) 
Derive for the functions Xj(t) the system of differential equations 

Xj = 12^p{xj-x k ), j = 1,2,3, (2.6.21) 

and its integrals 

J2p'(x j -x k )=0, .7 = 1,2,3. (2.6.22) 
Integrate this system in quadratures. 

Exercise 2.6.12: (see [31]). For the elliptic curve (2.6.16) construct a new elliptic curve T 
given by a third-degree polynomial 

P 3 (z) = (z 2 - 3g 2 ) (z + . (2.6.23) 

Denote by P the corresponding Weierstrass function. Let ^ = p(xi(t) — Xj(t)), i ^ j, 
where the quantities Xi(t) are defined in the previous problem. Show that the functions 
£12(2), £23^), and £i3(i) are the roots of the cubic equation 

4£ 3 - 92^ - \gz + \g2P(&VW2t) = (2.6.24) 

Remark 2.6.13. . We define the Weierstrass £ and a functions (which are useful in the 
theory of elliptic functions) from the conditions 

C'(z) = -p(z), ^ = C(*)- (2-6.25) 
The series expansion of £(z) has the form 



1 

w 



(2.6.26) 
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Figure 5: Homology basis. 



This function has simple poles at the nodes of the period lattice. The function a(z) is entire. 
It has simple zeros at the nodes of the period lattice and can be expanded in the infinite 
product 

z 



a{z) = z J] {( i_ ^) exp 



2 

Z Z 



2w 2 



(2.6.27) 



The functions £(z) and a(z) are not elliptic; under a translation of the argument by a vector 
of the period lattice they transform according to the law 

C(z + 2ku + 2lJ) = C(z) + 2kr] + 2lr]' , r, = r]' = C(lu'), (2.6.28) 

a(z + 2u) = a(z) exp[2r](z + uj)], a(z + 2J) = -a(z) exp[2r)'(z + J)} (2.6.29) 

where r\ and rj' are constants depending on the period lattice. 

Exercise 2.6.14: Show that under the dilation oj — > Xui, u' — > Xoj' , z — > Xz the functions 
p, £ and a transform according to the law p — ► A 2 p, C — » A _1 (^, cr — > Act. In view of this 
assertion the properties of p, £ and a depend in essence only on the ratio r = lo/uj 1 of the 
periods. 

Exercise 2.6.15: Prove that the tori T 2 = C/{m + nr] and T' 2 = C/{m + nr'} are 
isomorphic if and only if r' = ~T~~~^! f ^ i s a unimodular integral matrix. 



Exercise 2.6.16: Prove the following identity 

a(u + v)a{u — v) 



= p{u) - p(v). (2.6.30) 



a 2 (u)a 2 (v) 

Other properties of the functions, p, C, and a and of other elliptic functions as well, can 
be found, for example, in the texts [2] and [7], or in the handbook [3]. 

Example 2.6.17. . Consider a hyperelliptic Riemann surface w 2 = P2 g +i(z) = Ili='i" 1 ( z — 
Zi) for genus g > 2, and choose a basis of cycles as indicated in the figure (there g = 2). A 
normal basis of holomorphic differentials has the form 

, , „. (2.6.31) 
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Here (cjk) is the matrix inverse to the matrix (Ajk) where 

f Z2i z k ~ 1 dz 

A 3 k = 2 ./■/■■ 1 .'/• (2.6.32) 

2.7 Meromorphic differentials, their residues and periods 

Mcromorphic (Abelian) differentials on a Ricmann surface differ from holomorphic differen- 
tials by the possible presence of singularities of pole type. If a surface is given in the form 
F(z,w) = 0, then the Abelian differentials have the form to = R(z,w)dz (or, equivalcntly, 
lo = Ri(z,w)dw) where R(z,w) and i?i(z,u>) are rational functions. For example, on a 
hyperelliptic Ricmann surface w 2 — P2 g +\(z) the differential w' 1 z k ~ 1 dz has for k > g a 
unique pole at infinity of multiplicity 2(fc — g) (see Example 2.5.4). Suppose that the differ- 
ential lo has a pole of multiplicity k at the point Po i.e., can be written in terms of a local 
parameter z, z(Pq) — 0, in the form 

±± + - + ^ + 0(l))dz (2.7.1) 

z K z / 

(the multiplicity of the pole does not depend on the choice of the local parameter z). 

Definition 2.7.1. The residue Resp = p lo(P) of the differential lo at a point Po is defined 
to be the coefficient c_i. 

Lemma 2.7.2. The residue Resp = p lo(P) does not depend on the choice of the local pa- 
rameter z. 

Proof. This residue is equal to 

1 I 

C_l = - — ; f CO 



2i:i 



c 



where C is an arbitrary small contour encircling P . The independence of this integral on 
the choice of the local parameter is obvious. The lemma is proved. □ 

Theorem 2.7.3 (The Residue Theorem). . The sum of the residues of a meromorphic 
differential lu on a Riemann surface, taken over all poles of this differential, is equal to zero. 

Proof. Let Pi , . . . , Pjv be the poles of lu. We encircle them by small contours C\ , . . . , Cjv such 
that 

Resw = (f> lj, i = l,...,N, 

2tt« J Ci 

(the contours Ci run in the positive direction), and cut out the domains bounded by 
Ci,...,Cjv from the surface T. This gives a domain V with oriented boundary of the 
form dV = —C\ — ■ ■ ■ — (the sign means reversal of orientation). The differential to is 
holomorphic on V . By Stokes' formula, 



N , N 



lo = — — — I I duo = 0, 



Res lo = — — <f> lo = — — — <f> .., 
J^i P > 2lTl j Z[-'c 3 27r»/ar, 2m 

since du = 0. The theorem is proved. □ 
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We present the simplest example of the use of the residue theorem: we prove that 
the number of zeros of a meromorphic function is equal to its number of poles (counting 
multiplicity). Let Pi,...,Pk, be the zeros of the meromorphic function /, with multi- 
plicities mi,...,?Tifc a nd let Qi,...,Qi be the poles of this function, with multiplicities 
ni,. . . ,rife. Consider the logarithmic differential d{lnf). This is a meromorphic differential 
on T with simple poles at Pi,...,Pk with residues mi, ... , and at the points Qi, ■ ■ ■ ,Qi 
with residues —n\, . . . , — n;. By the residue theorem: mi + • • • + vrik — n\ — ■ ■ ■ — = , 
which means that the assertion to be proved is valid. One more example. For any elliptic 
function f(z) on the torus T 2 = C/{2mw + 2nu'} the residues at the poles are defined with 
respect to the complex coordinate z (in C). These are the residues of the meromorphic dif- 
ferential f{z)dz, since dz is holomorphic everywhere. Conclusion: the sum of the residues of 
any elliptic function (over all poles in a lattice parallelogram) is equal to zero. We formulate 
an existence theorem for meromorphic differentials on a Riemann surface T (see [27] for a 
proof). 

Theorem 2.7.4 (Theorem C). . Suppose that Pi, ... , Pn are points of a Riemann surface 
T and Zi, . . . , z N are local parameters centered at these points, Zi(Pi) = 0, and the collection 
of principal parts is 

W W\ 

+ ■■■ + — \dz u i = l,...,N. (2.7.2) 



c_ k . c 
z-* 



Assume the condition 



N 



5>Li=0. (2.7.3) 



i=l 

Then there exists onT a meromorphic differential with poles at the points Pi, ... , Pn, and 
principal parts (2.7.2). 

Any meromorphic differential can be represented as the sum of a holomorphic differential 
and the following elementary meromorphic differentials. 

1. Abelian differential of the second kind fip has a unique pole of multiplicity n + 1 at 
P and a principal part of the form 

Q n P = (_L + (l))d* (2.7.4) 

with respect to some local parameter z, z{P) = 0, n = 1, 2, . . . . 

2. An Abelian differential of the third kind Hpq has a pair of simple poles at the points 
P and Q with residues +1 and —1 respectively. 

Example 2.7.5. We construct elementary Abelian differentials on a hyperelliptic Riemann 
surface w 2 = P2 g +\{z). Suppose that a point P which is not a branch point takes the form 
P = (a, w a = y / P 2g +i(a)). An Abelian differential of the second kind flp^ has the form 



o(l) _ f w + W a P2 g +M \ dz 

Up ~ \{z-a) 2 2w a (z~a)J 2w { ' ^ 
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(with respect to the local parameter z-a). The differentials fip ' can be obtained as follows: 

ft?,= -- T Q,p. (2.7.6) 

If P = (zi, 0) is one of the branch points, then 

(1 Z (1 Z 

V n P = tt, \k+i for n = 2k > n P = 7T( UTT" for « = 2* + 1. (2.7.7) 

2{z — z i ) lt+l 2(z - Zi) fc+i w 

Finally, if P — oo, then 

=-Ja! fc - 1 d« for n = 2fc, ft£ = -^z^" 1 — for n = 2fc+l. (2.7.8) 

A A IV 

We now construct differentials of the third kind. Suppose that the point P and Q have the 
form P = (a, w a = ^ P 2g +i{a)) and Q = (b, w b = v / P 2g+1 (b)). Then 

n PQ = ( - ^) (2.7.9) 

\ z — a z — b ) 2w 

If Q = +oo then 

n PQ = ^±^^. (2.7.10) 

w z-a 2w y ' 

Accordingly, we see that for a hyperelliptic Riemann surface it is possible to represent all 
the Abelian differentials without appealing to Theorem 2.7.4. 

Exercise 2.7.6: Deduce from Theorem 2.7.4 that a Riemann surface V of genus is rational. 
Hint. Show that for any points P, Q € T the function / = exp J flpQ is single valued and 
meromorphic on T and gives a biholomorphic isomorphism / : T — > CP 1 . 

The period of a meromorphic differential u> along the cycle 7 is defined if the cycle does 
not pass through poles of this differential. The period to depends only on the homology 
class of 7 on the surface T, with the poles of to with nonzero residue deleted. For example, 
the periods of the differential Qpq of the third kind along a cycle not passing through the 
points P and Q are determined to within integer multiples of 2iri. In speaking of the periods 
of meromorphic differentials we shall assume that the cycles do not pass through the poles 
of the differential, and we also recall that the dependence of the period on the homology 
class of r is not single- valued (for differentials of the third kind) . 

Lemma 2.7.7. Suppose that the differentials uii and u>2 on a Riemann surface T have the 
same poles and principal parts, and the same periods with respect to the cycles a\, . . . ,a g , 
61, . . . , b g . Then these differentials coincide. 

Proof. The difference holomorphic differential that has zero a-pcriods. Therefore, 

it is identically zero (see Lecture 2.6). The lemma is proved. □ 

Definition 2.7.8. A meromorphic differential uj is said to be normalized with respect to a 
basis of cycles a±, . . . , a g , b\, . . . , b g if it has zero a-periods. 
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Any meromorphic differential u> can be turned into a normalized differential by adding 
a suitable holomorphic differential. By Lemma 2.7.7, a normalized meromorphic differential 
is uniquely determined by its poles and by the principal parts at the poles. In what follows 
we assume that meromorphic differentials are normalized. We obtain formulas that will 
be useful for the 6-periods of such differentials by arguments like those in the proof of 
Lemma 2.5.7. 

Lemma 2.7.9. The following formulas hold for the b-periods of normalized differentials 
fip ' and £lpQ 

= -,^i^)\z=o, i = l,...,g, n=l,2,..., (2.7.11) 

where z is a particular local parameter in a neighborhood of P, z(P) = 0, and the functions 
tpi(z) are determined by the equality Ui = ^i{z)dz; 

<f fl PQ = [ Ui , i=l,...,g, (2.7.12) 

Jbi JQ 

where the integration from Q to P in the last integral does not intersect the cycles a\,...,a g , 
h, ...,b g . 

Proof. We encircle the point P with a small circle C; deleting the interior of this circle 
from the surface T, we get a domain V with dT' — —C. Let us apply the arguments of 
Lemma 2.5.7 to the pair of differentials u = Wj, uj' = &p\ Denote by Ui the primitive 

Ui {P) = { ^ (2.7.13) 



which is single- valued on the cut surface L. We have that 

= J J ujAJ = j u^ { p ] = Y^ A i B 'i - A 'j B j) - j> u * n p ] (2.7.14) 

(the boundary dT' differs from the boundary dT by (— C)). Here the a and 6-periods have 
the form 



Aj = 2mSij, Bj = B i:j , A) = 0, B] = i 



From this, 



-p 



n ( p ] =Res{u i Q { p ) ). (2.7.15) 



Computation of the residue on the right-hand side of this equality leads to (2.7.11). 

We now prove (2.7.12). Let 7 be a path on T from Q to P. By F' denote the surface with 

a small neighborhood of 7 removed. The boundary of this neighborhood is denoted by C. 
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Applying the arguments of Lemma 2.5.7 to the differentials u' = and ui = Qqp we get 
by analogy with (2.7.14) and (2.7.15) that 

where u is the primitive of the differential flpQ which is single- valued and holomorphic on 
T'. The integral on the right-hand side can be represented in the form 



I UUJi= I + + + / I 
JC \JCq JCp J~i + J~f-/ 



ULOj 



(see the figure), where Cq and Cp are arcs of circles of small radius e. Since the function 
u has logarithmic singularities at Q and P, the integrals over the arcs Cq and Cp tend to 
zero as e — > 0. Next, denote by u + and w_ the values of u on the corresponding edges 7+ 
and 7_. We have that the jump u + — u_ is equal to 2iri. Finally, 



<x> uu>i = I / + / uuji = / (u + — U-)u>i = 2iri / 



7 



which implies (2.7.12). The lemma is proved. □ 

Exercise 2.7.10: Prove the following equality, which is valid for any quadruple of distinct 
points Pi, . . . , Pi on a Riemann surface: 

rPi rP 3 

/ ft P3 p 4 = / n PlP2 . (2.7.16) 
Jp 2 Jp 4 

Exercise 2.7.11: Consider the series expansion of the differentials fip^ in a neighborhood 
of the point P 

» ( /.°= 1 n :- i' (2.7.17) 



( k) 

Prove the following symmetry relations for the coefficients Cj : 

kcf\=jc { £ v k,j = 1,2.... (2.7.18) 

Exercise 2.7.12: Prove the following relation of Legendre from the theory of elliptic func- 
tions (see Example 2.6.8 for the notation): 

7TZ 

r)J-r{u=—. (2.7.19) 

Exercise 2.7.13: Suppose that the surface T has the form w 2 = YYi=l 1 ( z ~ z i)i where all 
the Zi are real and z\ < ■ ■ ■ < Z2 g +i- Choose a basis of cycles 01, . . . , a g , bi, . . . , b g as shown 
in the figure (for g = 2). Show that the normalized differential fi^ has the form 

n$=- Z9 + ^ + - a ° d z (2.7.20) 
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where all the coefficients are real. Denote by Bk its 6-periods. Prove that all the numbers 
Bk are real, and 

B g < S ff _i < • • • < B 2 < B x < 0. (2.7.21) 

Exercise 2.7.14: Prove that a meromorphic differential of the second kind ui is uniquely 
determined by its poles, principal parts, and the real normalization condition 

SL=0 (2.7.22) 

J -y 

for any cycle 7. Formulate and prove an analogous assertion for differentials of the third 
kind (with purely imaginary residues). 

2.8 The Jacobi variety, Abel's theorem 

Let ei,...,e g be the standard basis in the space C 9 (ej) k — Sjk- Let B = (Bj k ) be an 
arbitrary symmetric g x g matrix with negative-definite real part (as shown in Lecture 2.6, 
the period matrices of Riemann surfaces have this property). We consider the vectors 

2iriei, . . . ,2nie g , Be\, . . . ,Be g , (2.8.1) 

(here the vector Bej has coordinates (Bej)k- 

Lemma 2.8.1. The vectors (2.8.1) are linearly independent overM.. 

Proof. Assume that these vectors are dependent over R: 

27ri(Aiei H h X g e g ) + B{fi\e\ H h fi g e g ) = 0, A i; fij € M. 

Separating out the real part of this equality we get that 3?(i?(/Xiei + - • - + ii g e g )) = 0. But the 
matrix 3?(_B) is nonsingular, which implies = • • • = fi g = 0. Hence also Ai = • • • = X g = 0. 
The lemma is proved. □ 

Consider in C 9 the integer period lattice generated by the vectors (2.8.1). The vectors 
in this lattice can be written in the form 

2mM + BN, M,NeZ 9 . (2.8.2) 

By Lemma 2.8.1 the quotient of C 9 by this lattice is the 2g-dimensional torus 

T 2s = T 2g (B) = C 9 /{2nM + BN}, (2.8.3) 

(a g-dimcnsional complex manifold - a so-called Abclian manifold) . 

Definition 2.8.2. Suppose that B = (Bjk) is a period matrix of a Riemann surface T of 

genus g. The torus T 2g (B) in (2.8.3), constructed from this period matrix is called the 
Jacobi variety (or Jacobian) of the surface T and denoted by J(T). 
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Remark 2.8.3. What happens with the torus J(T) when the canonical basis of cycles on V 
changes? Let a[, . . . , a' g and b[, ■ ■ • be another canonical basis of cycles. It is connected 
with the first by an integer linear transformation 



a i — kij a j + hjbj, 

3 3 



(2.8.4) 



( k l\ 

This matrix of this transformation has the form f J, where k = (hj), I = (kj), 

m = (rriij) and n — (n^). This matrix is unimodular and also symplectic 



1\ / k l\ (01 



I 1 n 1 \-l \m n V -1 



(2.8.5) 



since the matrix of the intersection numbers for the basis Oj, bi and a[, b[ are the same. The 
new normal basis of holomorphic differentials has the form 

9 

w{ = 5^C J - i w J - ) C= (dj) = 2m(2mk + IB)~ 1 (2.8.6) 

The new period matrix B' = (B'^) thus has the form 

B' = 2m(2ixira + nB)(2mk + IB)- 1 (2.8.7) 

It follows from these formulas that the complex linear transformation of C 9 with matrix C _1 
carries the lattice (2.8.2) into an analogous lattice corresponding to the matrix B' . This 
gives an isomorphism T 2g (B) — > T 2g (B') of the complex tori. Accordingly, the Jacobian 
J(r) does not change when the canonical basis changes. 

We consider the primitives ("Abelian integrals") of the basis of holomorphic differentials: 

u k (P)= [ Wfc , k=l,...,g, (2.8.8) 

J Pa 

where P is a fixed point of the Riemann surface. The vector- valued function 

A(P) = ( Ul (P),...,u g (P)) (2.8.9) 

is called the Abel mapping (the path of integration is chosen to be the same in all the 
integrals u\ (P) ,u g (P) . 

Lemma 2.8.4. The Abel mapping is a well-defined holomorphic mapping 

r-»j(r). (2.8.10) 
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Proof, (cf. Example 2.7.5). A change of the path of integration in the integrals (2.8.8) leads 
to a change in the values of these integrals according to the law 



u k (P) -> tife(.P) + <j> w fe , k=l,...,g, 



where 7 is some cycle on I\ Decomposing it with respect to the basis of cycles, 7 ~ 
m j a j + n jbj we get that 

Uk{P) -» Mfc(-P) + 27rim fe + ^BkjTij, k = l,...,g. 

3 

The increment on the right-hand side is the fcth coordinate of the period lattice vector 
2niM + BN where M = (mi, . . . , m s ), TV = (m, . . . , n g ). The lemma is proved. □ 

The Jacobi variety together with the Abel mapping (2.8.10) is used for solving the follow- 
ing problem: what points of a Riemann surface can be the zeros and poles of meromorphic 
functions? We have the Abel's theorem. 

Theorem 2.8.5 (Abel's Theorem). . The points P\, . . . , P n and Q\, . . . , Q n (some of the 
points can repeat) on a Riemann surface T are the respective zeros and poles of some function 
meromorphic on T if and only if the following relation holds on the Jacobian: 

A(Pi) + ■■■ + A(P n ) = A(Qi) + ■■■ + A(Q n ). (2.8.11) 

Here and below, the sign = will mean equality on the Jacobi variety (congruence modulo 
the period lattice (2.8.2)). We remark that the relation (2.8.11) does not depend on the 
choice of the initial point Pq of the Abel map (2.8.8). 

Proof. 1) Necessity. Suppose that a meromorphic function / has the respective points 
Pi, . . . , P n and Qi, . . . , Q n as zeros and poles, where each zero and pole is written the 
number of times corresponding to its multiplicity. Consider the logarithmic differential 
il = rf(log/). Since / = const exp Jp CI, all the periods of this differential CI are integer 
multiples of 2iri. On the other hand, we represent it in the form 

n g 

Cl = J2ttp jQj +^c s w s , (2.8.12) 

j=l 8=1 

where Clp j Q j are normalized differentials of the third kind (see Lecture 2.7) and a,...,c g 
are constant coefficients. Let us use the information about the periods of the differential. 
We have that 

2irin k = (p CI = 2uick, n k G Z, 

Ja k 



which gives us c k — n k . Further, 



r " r 9 
2mm k = j> Cl = / u> k + ^ B k 
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(we used the formula (2.7.12)). From this, 




Ufc(-Pi) H h u k (P n ) - u k {Qi) 



u k (Qn)=Yl UJk = 27rim k -^2 B kjn r (2.8.13) 




The right-hand side is the kth coordinate of the vector 2-rriM + BN of the period lattice 
(2.8.2), where M — (mi, . . . ,m g ), N — (m, . . . ,n g ). The necessity of the condition (2.8.11) 
is proved. 

2) Sufficiency. The congruence (2.8.11) can be rewritten in the form of the equalities 
(2.8.13) for some integer numbers mi, . . . , m g , n\, . . . , n g . Repeating the arguments above, 
we get that all the periods of the differential of the form (2.8.12) with c s = n s , s = 1, . . . , g, 
arc integers multiples of 2ni. The function / = exp Jp is thus a single- valued meromorphic 
function on T with the given zeros and poles. The theorem is proved. □ 

Example 2.8.6. We consider the elliptic curve 



For this curve the Jacobi variety J(T) is a two-dimensional torus, and the Abel mapping 
(which coincides with (2.6.7)) is an isomorphism (see Example 2.6.8). Abel's theorem be- 
comes the following assertion from the theory of elliptic functions: the sum of all the zeros 
of an elliptic function is equal to the sum of all its poles to within a vector of the period 
lattice. 

Example 2.8.7. (also from the theory of elliptic functions). Consider an the elliptic func- 
tion of the form f(z, w) = az + bw + c, where a, 6, and c are constants. It has a pole of third 
order at infinity (for 6^0). Consequently, it has three zeros P\, P2, and P3. In other words, 
the line az + bw + c — intersects the elliptic curve (2.8.14) in three points (see the figure). 
We choose 00 as the initial point for the Abel mapping, i.e., tt(oo) = 0. Let u,- L = w(Pj), 
i = 1,2, 3. In other words, 



where p(u) is the Weierstrass function corresponding to the curve (2.8.14). Applying Abel's 
theorem to the zeros and poles of /, we get that 



Conversely, according to the same theorem, if U\ + u 2 + u 3 = 0, i.e. u 3 = —u 2 — U\ then the 
points Pi, Pi and P3 lie on a single line. Writing the condition of collinearity of these points 
and taking into account the evenness of p and oddncss of p', we get the addition theorem 
for Weierstrass functions: 



w 2 = 4z 3 - g 2 z - g 3 . 



(2.8.14) 



Pi = (p(ui),p'(ui)), i = 1,2,3, 



ui + u 2 + u 3 = 0. 



det 



1 p{ui) p'(ui) 

1 P{U2) P'{U 2 ) 

1 p{ui + u 2 ) -p'(ui + u 2 ) 



= 0. 



(2.8.15) 
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2.9 Divisors on a Riemann surface. The canonical class. The 
Riemann-Roch theorem 

Definition 2.9.1. A divisor D on a Riemann surface is defined to be a (formal) integral 
linear combination of points on it: 

n 

i=i 

For example, for any meromorphic function / the divisor (/) of its zeros Pi, . . . , P& and 
poles Qi, . . . , Qi of multiplicities mi, ... , m fc , and m, . . . , n ; , respectively is denned 

(/) = miPi + • • • + mfePfe - mQi n ; Q z . (2.9.2) 

Divisors of meromorphic functions arc also called principal divisors. The divisors obviously 
form an Abelian group (the zero is the empty divisor). For example, for principal divisors 
we have (fg) = (/) + (g). The degree deg D of a divisor of the form (2.9.1) is defined to be 
the number 

JV 

deg D^^ni. (2.9.3) 

»=i 

The degree is a linear function on the group of divisors. For instance, 

deg(/) - 0. (2.9.4) 

Two divisors D and D' are said to be linearly equivalent, D ~ D' if their difference is a 
principal divisor. Linearly equivalent divisors have the same degree in view of (2.9.4). For 
example, on CP 1 any divisor of zero degree is principal, and two divisors of the same degree 
are always linearly equivalent. 

Example 2.9.2. The divisor (lu) of any Abelian differential w on a Riemann surface T 
is well-defined by analogy with (2. 9. 2). If u>' is another Abelian differential, then (uj) ~ 
(a/). Indeed, their ratio / = u>/u>' is a meromorphic function on T, and (uj) — (a/) = (/). 

The linear equivalence class of divisors of Abelian differentials is called the canonical 
class of the Riemann surface. We denote it by Kp- For example, the divisor — 2oo = (dz) 
can be taken as a representative of the canonical class K CP i . 

We reformulate Abel's theorem in the language of divisors. Note that the Abel mapping 
extends linearly to the whole group of divisors. Abel's theorem obviously means that a 
divisor D is principal if and only if the following two conditions hold: 

1. degP> = 0; 

2. A(D) = Oon J(r). 

Let us return to the canonical class. We compute it for a hyperelliptic surface w 2 = P2 g +2{z). 
Let Pi, ... , P2 9 +2 be the branch points of the Riemann surface, and Poo+ and P^- its point 
at infinity. We have that 

{dz) = Pi + • • • + P 2g+2 - 2P QO+ - 2P oc - . 

Thus the degree of the canonical class on this surface is equal to 2g — 2. We prove an 
analogous assertion for an arbitrary Riemann surface. 
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Lemma 2.9.3. Let f : T — > X a holomorphic map between Riemann surfaces T and X and 
lo a meromorphic one form on X , then for any fixed point PeT 

ordpf*uj = (1 + ordf(p)(u>))multp(f) — 1 (2.9.5) 

where f*u> denotes the pull back of lo via f. 

The proof is obvious. 

Definition 2.9.4. Let f : F — > X a holomorphic map between Riemann surfaces. The 
branch point divisor Wf is the divisor on T defined by 

W f = [multp(f) - 1]P. (2.9.6) 
Per 

Applying (2.9.5) and (2.9.6) we arrive at the relation 

(/*w) = W> + /*((w)). (2.9.7) 

Suppose that the Riemann surface T is given by the equation F(z,w) = 0. Further, let 
Pi, ... , Pn be the branch points of this surface with respective multiplicities f\ , . . . , /at with 
respect to the meromorphic function z : T — > CP 1 , (see Lecture 2.1). The branch point 
divisor W z = + . . . /jv-P/v- 

Lemma 2.9.5. The canonical class of the surface T has the form 

K r = W Z + z*{K CP i). (2.9.8) 

Here z* denotes the inverse image of a divisor in the class K CP i with respect to the mero- 
morphic function z : T — > CP 1 . 

Proof. This follows immediately from (2.9.7). □ 

Corollary 2.9.6. The degree of the canonical class K T of a Riemann surface T of genus g 
is equal to 2g — 2. 

Proof. We have from (2.9.8) that deg Kr = f — 2n, where / is the total multiplicity of the 
branch points (/ = degW z ) and n = degz is the number of sheets of the Riemann surface. 
But by the Riemann-Hurwitz formula (2.3.9), / = 2g + 2n — 2. The corollary is proved. □ 

The divisor (2.9.1) is positive if all multiplicities n are positive. An effective divisor is 
a divisor linearly equivalent to a positive divisor. Divisors D and D' are connected by the 
inequality D > D' if their difference D — D' is a positive divisor. 

With each divisor D we associate the linear space of meromorphic functions 

L(D) = {/ | (/) > -£>}. (2.9.9) 

If D is a positive divisor, then this space consists of functions / having poles only at points 
of D, with multiplicities not greater than the multiplicities of these points in U. If D = 
D + — where D + and D_ are positive divisors, then the space L(D) consists of the 
meromorphic functions with poles possible only at points of D + , with multiplicities not 
greater than the multiplicities of these points in D , and with zeros at all points of D- (at 
least), with multiplicities not less than the multiplicities of these points in D. 
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Lemma 2.9.7. If the divisors D and D' are linearly equivalent, then the spaces L(D) and 
L(D') are isomorphic. 

Proof. Let D — D' = (g), where g is a meromorphic function. If / £ L(D), then /' = fg £ 



By Lemma 2.9.7, the function 1(D) (as well as the degree deg-D) is constant on linear 
equivalence classes of divisors. We make some simple remarks about the properties of this 
important function. 

Remark 2.9.8. If a divisor D is effective, then 1(D) > 0. Indeed, replacing D by a positive 
divisor D' linearly equivalent to it, we see that the space l(D') contains the constants. 
Conversely, if 1(D) > 0, then D is effective. Indeed, if the meromorphic function / is such 
that D' = (/) + D > 0, then the divisor D' , which is linearly equivalent to D is positive. 

Remark 2.9.9. For the zero (empty) divisor, 1(0) = 1. If dcgD < 0, then 1(D) = 0. 

Remark 2.9.10. The number 1(D) — 1 is often denoted by \D\. According Remark 2.9.8 
|D| > for effective divisors. The number \D\ admits the following intuitive interpretation. 
We show that \D\ > k if and only if for any points Pi, . . . ,Pk there is a divisor D' ~ D 
containing the points P\,...,Pk (the presence of coinciding points among Pi , . . . , P^ is taken 
into account by their multiple occurrence in D') . We look for a function / £ L(D) such 
that /(-Pi) = • • • = f(Pk) = 0. This is a system of k homogeneous linear equations in the 
space L(D). It distinguishes in L(D) a subspace of codimension < k. If 1(D) > k + 1, then 
there is a nonzero function in this space. Denote by D' its set of zeros. Then D' ~ D is 
the desired divisor. Conversely, take a collection of points Pi, . . . , Pj. £ T. According to the 
assumption about the properties of the divisor, any of these points are included in a divisor 
linearly equivalent to D. In other words, for all z — 1, . . . , k + 1 there is a nonzero function 
fi £ -L(D) such that fi(Pj) = for j ^ i. It can be assumed that fi(Pi) ^ (this can be 
attained by a small perturbation of the points Pi ... , Pk+i). It is obvious that the functions 
fi, . . . , fk+i are linearly independent, from which 1(D) > k + 1. The assertion is completely 
proved. One therefore says that |D| is the number of mobile points in the divisor D. 

Remark 2.9.11. Let K = Kr, be the canonical class of a Riemann surface. We mention an 
interpretation that will be important later for the space L(K — D) for an arbitrary divisor D. 
First, if D = 0, then the space L(K) is isomorphic to the space of holomorphic differentials 
on r. Indeed, choose a representative K > in the canonical class, taking K n to be the zero 
divisor of some holomorphic differential uo , K = (ujo)- If / € L(K ), i.e. (/) + (wo) > 0, 
then the divisor (fu>o) is positive, i.e., the differential fujQ is holomorphic. Conversely, if uj 
is any holomorphic differential, then the meromorphic function / = uj/ujo lies in L(Ko). 
It follows from the foregoing and Theorem 2.6.4 that 




□ 



1(D) = dim L(D). 



(2.9.10) 



l(K) - g. 
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We show further that for a positive divisor D the space L(K — D) is isomorphic to 
the space Q(D) of holomorphic differentials having zeros at points of D with multiplicities 
not less than the multiplicities of these points in D. Indeed, if / e L(Kq — D), then 
the differential fu; is holomorphic and has zeros at the points of D, i.e., fu>Q € il(D). 
Conversely, if w e ^l(D), then / = oj/oj a e L(K — D). The assertion is proved. The main 
way of getting information about the numbers 1(D) is the Riemann-Roch Theorem. 

Theorem 2.9.12 (Riemann Roch Theorem.). For any divisor D 

l{D) = l + degD-g + l(K-D). (2.9.11) 

Proof. For surfaces T of genus (which are isomorphic to CP 1 in view of Problem 6.1) 
the Riemann-Roch theorem is a simple assertion about rational functions (verify!). By 
Remarks 2.9.9 and 2.9.11 (above) the Riemann-Roch theorem is valid for D = 0. We prove 
(2.9.11) for positive divisors D > 0. Let D = Y^k=i n kPk where all the > 0. We 
first verify the arguments when all the rik arc = 1, i.e., m = dcgD. Let / e L(D) be a 
nonconstant function. Denote by z\, . . . z m local parameters in neighborhoods of the points 
Pi, . . . ,P m . We consider the Abclian differential u> = df. It has double poles and zero 
residues at the points P\,...,P m and does not have other singularities. Therefore, it is 
representable in the form 

u = d f = c ^Pk + i> 
fe+i 

where f2p^ are normalized differentials of the second kind (see Lecture 2.7), c\, . . . ,c m are 
constants, and the differential ip is holomorphic. Since the function / — J lu is single- valued 
on T, we have that 

* lj = 0, I u = 0, i = l,...,g. (2.9.12) 

J cii J bi 

From the vanishing of the a-periods we get that ^ — (see Corollary 2.6.2). From the 
vanishing of the 6-period we get by (2.7.11) (with n = 1) that 

r. m 

= <f) u} = y^ c k ipi,k(zk)\z k =o, i = l,..., g, (2.9.13) 
J bi fc= i 

where is a local parameter in a neighborhood of P k , z k (Pk) = 0, k = l,...,m, and 
the basis of holomorphic differentials are written in a neighborhood of P k in the form 
= ipik(z)dzk- We have obtained a homogeneous linear system of m = degD equa- 
tions in the coefficients c\, . . . , c m . The nonzero solutions of this systems are in a one-to-one 
correspondence with the nonconstant functions / in L(D), where / can be reproduced from 
a solution ci, . . . , c m of the system (2.9.13) in the form 

m 

fe=i 

Thus 1(D) = 1 + dcgD is the rank of the matrix of the system (2.9.13) (the 1 is added 
because the constant function belong to the space L(D)). Denoting by tpik(0)dzk by Ui(Pk), 
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we rewrite the coefficient matrix of the system (2.9.13) in the form 

... u>i(P m ) N 

V W fl (Pl) ... UJg(P m ) / 



(2.9.14) 



Denote the rank of the matrix by g — i(D). The number i(D) admits the foiiowing obvious 
interpretation: it is the dimension of the solution space of the transpose system 

g 

^ajUjiPk) = 0, fc = l,...,m. (2.9.15) 

The solutions oi, . . . ,a g of the system (2.9.15) are in one-to-one correspondence with the 
holomorphic differentials 

rj = aiui + \-dgWg, (2.9.16) 

vanishing at the points of D. In other word i(D) = dimCl(D) = dim L(K — D) (see 
Remark 2.9.11 above). Accordingly the Riemann-Roch theorem has been proved in this 
case. 

We explain what happens when the positive divisor D has multiple points. For example 
suppose that D = n\P\ + . . . . Then lo = df = X}j=i c i^P]\ an d tnc system (2.9.13) can be 
written in the form 



Ej 1 d 3 Vii 



j! dz[- x 



+ ••• = 

zi=0 



If the rank of the coefficient matrix of this system is denoted (as above) by g — i(D), then 
the differential r\ in (2.9.16) constructed as above from the solution of the transpose system 
vanishes at the point Pi together with the derivatives up to order m — 1, i.e. r\ e Q(D). 
Therefore as in the case n k = 1 we have that i(D) = dimfl(D). We have proved the 
Riemann-Roch theorem for all positive divisors and hence for all effective divisors, which 
(accordingly to Remark 2.9.8) are distinguished by the condition 1(D) > 0. Next we note 
that the relation in this theorem can be written in the form 

1(D) - l -dcgD = l(K-D)- 1 - dcg(K - D), (2.9.17) 

which is symmetric with respect to the substitution D — > K — D. Therefore the theorem is 
proved for all divisors D such that D or K — D is equivalent to an integral divisor. If neither 
D nor K — D are equivalent to an integral divisor, then 1(D) = and the Riemann-Roch 
theorem reduces in this case to the equality 

deg£) = 5-l. (2.9.18) 

Let us prove this equality. We represent D in the form D = D + — £)_ , where D + and £)_ arc 
positive divisors and deg D_ > 0. It follows from the validity of the Riemann-Roch theorem 
for D + that l(D + ) > deg D + —g+1 = deg D + deg D_ —g + 1. Therefore if deg D > g, then 
l(D + ) > 1 +dcgZ)_. Then the space L(D + ) contains a nonzero function vanishing on D_, 
i.e. belonging to the space L(D + — D-) = L(D). This contradicts the condition 1(D) = 0. 
Similarly, the assumption deg(K — D) > g leads to a contradiction. This implies (2.9.18). 
The theorem is proved. □ 
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2.10 Some consequences of the Riemann-Roch theorem. The struc- 
ture of surfaces of genus 1. Weierstrass points. The canonical 
embedding 

Corollary 2.10.1. IfdegD > g, then the divisor D is effective. 
Corollary 2.10.2. The Riemann inequality 

l(D)>l + degD-g, (2.10.1) 

holds for deg D> g. 

Definition 2.10.3. The divisors D for which the Riemann inequality becomes an equality 
are said to be nonspecial. The remaining divisors are said to be special. Any effective divisor 
of degree less then g is also said to be special. 

Corollary 2.10.4. IfdegD >2g — 2, then D is nonspecial. 

Proof. For deg I? > 2g - 2 wc have that deg(K - D) < 0, hence l(K - D) = (see 
Remark 2.9.9). The corollary is proved. □ 

Exercise 2.10.5: Suppose that k > g; let the Abel mapping A : T — > J(T) (see Lecture 2.8) 
be extended to the fcth-power mapping 

A k : r x • • • x r -> J(T) 
„ ' 

k times 

by setting A k (Pi, . . . , P k ) = A(P 1 ) + ••• + A(P k ) (it can actually be assumed that A k 
maps into J(T) the fcth symmetric power S k T, whose points are the unordered collections 
(Pi, . . . , Pfe) of points of T). Prove that the special divisors of degree k are precisely the 
critical points of the Abel mapping A k . Deduce from this that a divisor D with deg D > g 
in general position is nonspecial. 

Exercise 2.10.6: Let F be a hyperelliptic surface w 2 = p2 9 +i(z), and let the divisor D 
have the form D = where Pj = (zj,Wj), j = l,...,k, k > g. Prove that the 

divisor D is special if and only if k < 2g — 2 and the points Pi, . . . , Pfc are not all distinct. 
Formulate and prove an analogous assertion for the case when D contains multiple points. 

We now present examples of the use of the Riemann-Roch theorem in the study of 
Riemann surfaces. 

Example 2.10.7. Let us show that any Riemann surface T of genus g — 1 is isomorphic 
to an elliptic surface w 2 — P?,{z). Let Po be an arbitrary point of T. Here 2g — 2 = 0, 
therefore, any positive divisor is nonspecial. We have that A(2Pq) = 2, hence there is 
a nonconstant function z in l(2P ), i.e., a function having a double pole at P . Further 
Z(3P ) = 3, hence there is a function w e ^(3P ) that cannot be represented in the form 
w = az + b. This function has a pole of order three at p>. Finally, since 1(6Pq) = 6, the 
functions 1, z, z 2 , z 3 ,w 7 w 2 1 wz which lie in Z(6Po) arc linearly independent. We have that 

a\W 2 + a,2wz + a 3 w + a 4 z 3 + a 5 z 2 + a 6 z + a-j = 0. (2.10.2) 
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The coefficient a\ is nonzero (verify). Making the substitution 



( a,2 a 3 
w — > w - - — z + - — 
\2ai 2a\ 

we get the equation of an elliptic curve from (2.10.2). 

Definition 2.10.8 (Weierstrass points). A point P of a Riemann surface T of genus g is 
called a Weierstrass point if l(kPo) > 1 for some k < g. 

It is clear that in the definition of a Weierstrass point it suffices to require that l(gPo) > 1- 
There are no Weierstrass points on a surface of genus g = 1. On hypcrclliptic Riemann 
surfaces of genus g > 1 all branch points are Weierstrass points, since there exist functions 
with second-order poles at the branch points (see Lecture 2.4). The use of Weierstrass points 
can be illustrated using the example of the following assertion. 

Exercise 2.10.9: Let L be a Riemann surface of genus g > 1, and Po a Weierstrass point of 
it, with l(2P ) > 1. Prove that T is hyperelliptic. Prove that the surface is also hyperelliptic 
if l(P + Q) > 1 for two points P and Q. 

We show that there exist Weierstrass points on any Riemann surface T of genus g > 1. 

Lemma 2.10.10. Suppose that z is a local parameter in a neighborhood P , z(P ) = 0; 
assume that locally the basis of holomorphic differentials has the form u>i — ipi(z)dz, i = 
l,...,g. Consider the determinant 



W(z) = det 



(2.10.3) 



^ g (z) tf g {z) ... ^(z)) 
The point Pq is a Weierstrass point if and only if W(0) = 0. 

Proof. If Po is a Weierstrass point, i.e., l(gPo) > 1, then l(K — gP ) > by the Riemann- 
Roch theorem. Hence, there is a holomorphic differential with a g-fold zero at Po on T. The 
condition that there be such a differential can be written in the form W(0) = (cf. the 
proof of the Riemann- Roch theorem) . The lemma is proved. □ 

Lemma 2.10.11. Under a local change of parameter z = z(w) the quantity W transforms 

( dz\ N 

according to the rule W(w) = ( — J W(z), N = \g(g + 1). 

dz 

Proof. Suppose that Wj = ipi(z)dz — ipi(w)dw. Then each = ipi — , i = 1, . . . ,g. This 

aw 

implies that the derivatives d k ipi/dw k can be expressed for each i in terms of the derivatives 
d l ipi/dz l by means of a triangular transformation of the form 

d k i>i _ ( dz\ k+1 d k tPi ^ d?il>i 

(the coefficients c s in this formula are certain differential polynomials in z(w)). The state- 
ment of the Lemma readily follows from the transformation rule. □ 
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Let us define the weight of a Weierstrass point Po as the multiplicity of zero of W(z) at 
this point. According to the previous Lemma the definition of weight does not depend on 
the choice of the local parameter. 

The proof of existence of Weierstrass points for g > 1 can be easily obtained from the 
following statement. 

Lemma 2.10.12. The total weight of all Weierstrass points on the Riemann surface T of 
genus g is equal to (g — 1) g (g + 1). 

Proof. Let us consider the ratio 

W(z)/^(z). 

Here N = ^ g(g +1), like in the previous Lemma. According to the latter the ratio does 
not depend on the choice of the local parameter and, hence, it is a meromorphic function 
on r. This function has poles of multiplicity N at zeroes of the differential u>i (the total 
number of all poles is equal to 2g — 2). Therefore this function must have N (2g — 2) = 
(.9 — 1) <? (<7 + 1) zeroes (as usual, counted with their multiplicities). These zeroes are the 
Weierstrass points. □ 

Let us do few more remarks about the Weierstrass points. Given a point Po € T, let us 
consider the dimension l(k Po) as a function of the integer argument k. This function has the 
following properties. First, l(k P ) = 1 + fc — g for k > 2g — l; in particular I ((2g — l)p>) = g. 
Next, it grows monotonically with k, moreover, 



l(kP ) 



I ((k — I) Pa) + 1, if there exists a function with a pole of order k at Po 
I ((k — 1)Pq) , if such a function does not exist 



In the second case we will say that the number k is a gap at the point Po . From the previous 
remarks it follows the following Weierstrass gap theorem: 

Theorem 2.10.13. There are exactly g gaps a\ < ... < a g < 2g — 1 at any point Pq of a 
Riemann surface of genus g. 

The gaps have the form a» = i, i = 1, . . . , g, for a point P in general position (which is 
not a Weierstrass point). 

Exercise 2.10.14: Prove that the weight of a Weierstrass point is equal 

9 



^TK-z). (2.10.4) 



»=i 

Exercise 2.10.15: Prove that for branch points of a hyperelliptic Riemann surface of genus 
g the gaps have the form a, = 2i — 1, i = 1, . . . , g. Prove that a hyperelliptic surface does 
not have other Weierstrass points. 

Exercise 2.10.16: Prove that any Riemann surface of genus 2 is hyperelliptic. 

Exercise 2.10.17: Let T be a hyperelliptic Riemann surface of the form w 2 = P2 g +i(z). 
Prove that any birational (biholomorphic) automorphism r — > T has the form (z,w) — > 

( aZ ^ , ,±w), where the linear fractional transformation leaves the collection of zeros of 
K cz + d 

P2g+2{z) invariant. 
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Example 2.10.18 (The canonical embedding). . Let T be an arbitrary Ricmann surface 
of genus g > 2. We fix on T a canonical basis of cycles ai,...,a g , b\,...,b g ; let . . . , u g 
be the corresponding normal basis of holomorphic differentials. This basis gives a canonical 
mapping V — ► CP 9-1 according to the rule 

P - ( Wl (P) : w 2 (P) : • • • : Wfl (P)). (2.10.5) 

Indeed, it suffices to see that all the differentials annot simultaneously vanish at 

some point of the surface. If P were a point at which any holomorphic differential vanished, 
i.e., l(K—P) = g, (see Remark 2.9.11), then l(P) would be = 2 in view of the Riemann-Roch 
theorem, and this means that the surface T is rational (verify!). Accordingly (2.10.5) really 
is a mapping T — > CP 3-1 ; it is obviously well-defined. 

Lemma 2.10.19. If T is a nonhyperelliptic surface of genus g > 3, then the canonical 
mapping (2.10.5) is a smooth embedding. If T is a hyperelliptic surface of genus g > 2, 
then the image of the canonical embedding is a rational curve, and the mapping itself is a 
two-sheeted covering. 

Proof. We prove that the mapping (2.10.5) is an embedding. Assume not: assume that the 
points Pi and P2 are merged into a single point by this mapping. This means that the rank 
of the matrix 

Wi(Pl) Wi(P 2 )\ 

w fl (Pi) u g {P 2 )j 

is equal to 1. But then Z(Pi + P2) > 1 (see the proof of the Riemann-Roch theorem). Hence, 
there exists on T a nonconstant function with two simple poles at Pi and Pi i.e., the surface 
T is hyperelliptic. The smoothness is proved similarly: if it fails to hold at a point P, then 
the rank of the matrix 

wi(P) wi(P)\ 

w g (P) L0' g (P)j 

is equal to 1. Then Z(2P) > 1, and the surface is hyperelliptic. Finally, suppose that 
T is hyperelliptic. Then it can be assumed form w 2 = P 2g +i(z). Its canonical mapping is 
determined by the differentials (2.6.31). Performing a projective transformation of the space 
CP 9-1 with the matrix (cjk) (see the formula (2.6.31)), we get the following form for the 
canonical mapping: 

P= (z,w) -> (1 : z : ■■■ : z^ 1 ) (2.10.6) 
Its properties are just as indicated in the statement of the lemma. The lemma is proved. □ 

Exercise 2.10.20: Suppose that the Riemann surface T is given in CP 2 by the equation 

X «^V'C' ' : j - 0, (2.10.7) 

i+j=i 

and this curve is nonsingular in CP 2 (construct an example of such a nonsingular curve). 
Prove that the genus of this surface is equal to 3 and the canonical mapping is the identity 
up to a projective transformation of CP 2 . Prove that T is a non hyperelliptic surface. Prove 
that any non hyperelliptic surface of genus 3 can be obtained in this way. 
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The range T' C CP 5 1 of the canonical mapping is called the canonical curve. 

Exercise 2.10.21: Prove that any hypcrplane in CP 9-1 intersects the canonical curve T' 
in 2g — 2 points (counting multiplicity). 

Exercise 2.10.22: Suppose that D = J2j Pj 1S an effective divisor. Consider the images 
of the points Pj, on the canonical curve r". Prove that these points generate in CP 9 " 1 a 
hyperplane of dimension deg D — 1(D). 

Exercise 2.10.23 (Clifford's theorem): . Show that for any two effective divisors D and 
D' on a Ricmann surface T of genus g, 

\D\ + \D'\ < \D + D'\ (2.10.8) 

(see Remark 2.9.10), and for a special divisor D 

\D\<^degD (2.10.9) 

with equality only in one of the following cases: D = 0, D = K, or the surface T is 
hyperelliptic. 

2.11 Statement of the Jacobi inversion problem. Definition and 
simplest properties of general theta functions 

In Lecture 2.6 we saw that inversion of an elliptic integral leads to elliptic functions. Inversion 
of integrals of Abelian differentials is not possible on surfaces of genus g > 1, since any such 
differential has zeros (at least 2g — 2zeros). Instead of the problem of inverting a single 
Abelian integral, Jacobi proposed for hyperelliptic surfaces w 2 = P$(z) the problem of 
solving the system 

Pi p 2 

/dz [' dz 

Po Po 

Pi p 2 

/zdz f zdz 

Po Po 

where 771,772 are given numbers from which the location of the points Pi = {zi,Wi), P2 = 
(z2,W2) is to be determined. It is clear, moreover, that Pi and P2 are determined from 
(2.11.1) only up to permutation. Jacobi's idea was to express the symmetric functions of Pi 
and Pi as functions of r\i and 772. He noted also that this will give meromorphic functions 
of r\i and 772 whose period lattice is generated by the periods of the basis of holomorphic 
differentials dz/ y/P 5 (z) and zdz/ \/P 5 (z). This Jacobi inversion problem was solved by 
Goepel and Roscnhain by means of the apparatus of theta functions of two variables. The 
generalization of the Jacobi inversion problem to arbitrary Riemann surfaces and its solution 
are due to Riemann, in whose work the theory of theta functions took, on the whole, its 
modern form. We give a precise statement of the Jacobi inversion problem. Let T be an 



= m 

(2.11.1) 

= m 
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arbitrary Ricmann surface of genus g, and fix a canonical basis of cycles ai, . . . , a g , bi, . . . ,b g 
on T; as above let aji,...,w g be be the corresponding basis of normalized holomorphic 
differentials. Recall (see Lecture 2.8) that the Abel mapping has the form 

A:T^J(T), A(P) = ( Ul (P),...,u g (P)), (2.11.2) 

where J(T) is the Jacobi variety, 

p 

u % {P) = J w it (2.11.3) 

Po 

Po is a particular point of T, and the path of integration from Po to P is the same for 
all i = l,...,g. Consider the gth symmetric power S 9 T of T. The unordered collections 
(Pi, . . . , P g ) of g points of T are the points of the manifold S 9 T. The meromorphic functions 
on S 9 T are the meromorphic symmetric functions of g variables Pi, . . . , P g , Pj € T. The 
Abel mapping (2.11.2) determines a mapping 

A™ : S 9 T - J(r), A»{P U ...,P g ) = A(Px) + • • • + A(P g ), (2.11.4) 

which we also call the Abel mapping. 

Lemma 2.11.1. If the divisor D = Pi + ■ ■ ■ + P g is nonspecial, then in a neighborhood of 
a point A^\P u ...,Pg) £ J(T) the mapping A^ has a single-valued inverse. 

Proof. Suppose that all the points are distinct; let zi,. . . ,z g be local parameters in neigh- 
borhoods of the respective points P\,...,P g with Zk(Pk) = and = ipik(zk)dzk the 
normalized holomorphic differentials in a neighborhood of Pfe. The Jacobi matrix of the 
mapping (2.11.4) has the following form at the points (Pi, . . . , P g ) 

'Vii(*i = 0) ... ^i s (z 9 -0) N 

^ ff l(*l=0) ... ^gg(Zg=0) / 

If the rank of this matrix is less than g, then l(K — D) > 0, i.e., the divisor D is special 
by the Riemann-Roch theorem. The case when not all the points P\, . . . ,P g are distinct is 
treated similarly. We now prove that the inverse mapping is single- valued. Assume that 
the collection of points (P{, . . . , P' g ) is also carried into ^4^ 9 )(Pi, . . . , P g ). Then the divisor 
D' = P{ + • • • + P g is linearly equivalent to D by Abel's theorem. If D' ^ D, then there 
would be a meromorphic function with poles at points of D and with zeros at points of 
D' . This would contradict the fact that D is nonspecial. Hence, D' = D, and the points 
P[, . . . , P' g differ from P\, . . . , P g only in order. The lemma is proved. □ 

Since a divisor Pi + ... + P g in general position is nonspecial (see Problem 2.10.5), the 
Abel mapping (2.11.4) is invertiblc almost everywhere. The problem of inversion of this 
mapping in the large is the Jacobi inversion problem. Thus, the Jacobi inversion problem 
can be written in coordinate notation in the form 

«i (Pi) + •••+«! (P g ) =m 

(2.11.5) 

Ug(Pl) + ■ ■ ■ + Ug(Pg) =f]g 
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which generalizes (2.11.1). As already noted, to solve this problem we need the appara- 
tus of multi-dimensional thcta functions. We first define ordinary (one-dimensional) theta 
functions. Let b be an arbitrary number with 3tb < 0. A theta function is defined by the 
series 

6{z)= exp^+nzV (2.11.6) 

— oo<n<oo ^ ' 



Since 

'bn 2 



cxp 



2 



in 2 



exp(^ 



the series (2.11.6) converges absolutely and uniformly in the strips \^.{z)\ < const and defines 
an entire function of z. This is a classical Jacobi thcta function. To compare this with the 
standard notation in the theory of elliptic functions it is useful to make a substitution, 
setting b = 2-kit, z = 2nix. The series (2.11.6) can be rewritten in the form common in the 
theory of Fourier series: 

9(2mx) = exp(mTn 2 )e 27Tlxn (2.11.7) 

— oo<n<oo 

(the function $3(2; | r)) in the standard notation; see [[3]). The function 9{z) has the following 
periodicity properties: 

6(z + 2m) = 6{z) (2.11.8) 
9(z + b) = cxp(-^ -z)6(z) (2.11.9) 

The equality (10.8) is obvious. The equality (10.9) is also easy to prove: 

,n ,bn 2 , . v-v ,6(n+l) 2 b , ,., , b . 

8(z + b) = ]Tcxp( — + bn + zn) = ]Tcxp( - ---z + z(n+l)) = cxp(-- - z)0(z). 

n n 

The integer lattice with basis 2m, b is called the period lattice of the theta function. 

Exercise 2.11.2: Prove that the zeros of the function 9(z) form an integer lattice with the 
same basis 2m, b and with origin at the point z = ni + b/2. 

Exercise 2.11.3: Prove that the Weierstrass a-function (see Lecture 2.6) constructed from 
the lattice {2mm + bn} is connected with the function 0(z) by the equality 

u{z — zo) = const exp ^ — _.°^ — \--^)d(z), z — ^i-. (2.11.10) 
Deduce from this that 



2m 2 J w ' ' 2 



Q{z-z )=^\og6{z)+ r ^-r 1 -r 1 ', (2.11.11) 
P( z - z o) = -g^lo g e(z)-^-. (2.11.12) 
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We proceed to multi-dimensional theta functions. Let B — (Bjk) be a symmetric g x g 
matrix with negative-definite real part. We shall call such matrices Riemann matrices. A 
Riemann theta function is defined by its multiple Fourier series, 

9{z) = 6(z\B) = CX P (\(BN,N) + {N,z)\ . (2.11.13) 

Here z = (z\, . . . , z g ) is a complex vector, and B is a Riemann matrix. The angle brackets 
denote the Euclidean inner product: 

a 

(N, z) = J2 gN k z k , (BN, N) = BkjNjNk 
fc=i j,fc=i 

. The summation in (2.11.13) is over the lattice of integer vectors N — (N\, . . . , N g ). The 
obvious estimate $t((BN,N)) < —b(N,N), where — b < is the largest eigenvalue of the 
matrix 3f(B), implies that the series (2.11.13) defines an entire function of the variables 

Z\ , . . . , Zg. 

Lemma 2.11.4. For any integer vectors M,K e 7LP , 

6(z + 2niK + BM) = exp (-^(BM,M) - (M,z)^j 0(z). (2.11.14) 

Proof. In the series for 0(z + 2iriK + BM) we make the change of summation index N — > 
N — M. The relation (2.11.14) is obtained after transformations. The lemma is proved. □ 

The integer lattice {2iriN + BM} is called the period lattice, lattice. Let a and (3 be 
arbitrary real g-dimensional vectors. We define the theta function with characteristics a 
and f3: 

6[a,[3](z) = exp (^(Ba,a) + (z + 2nif3,a)) 6(z + 2m(3 + Ba) 

n ' , (2.11.15) 

= 22 cxpl-(B(N + a),N + a) + (z + 2Trif3,N + a)j . 

For a — and (3 = we get the function 9(z). The analogue of the law (2.11.14) for the 
functions 9[a,0\(z) has the form 



0[a,f3](z + 2niN + BM) = exp 



- 1 -{BM,M) - (M,z) + 27ri((a,N) - (f3,M)) 



9[a,f3](z). 



(2.11.16) 

All the coordinates of the characteristics a and [3 are determined modulo 1 (verify!). The 
characteristics a and (3 with all coordinates equal to or 1/2 are called half periods. A half 
period [a, (3} is said to be even if 4(a, (3) = ( mod 2) and odd if 4(a, (3) = 1 ( mod 2). 

Exercise 2.11.5: Prove that the function 0[a,0\(z) is even if [a, (3] is an even half period 
and odd if [a, (3} is an odd half period. 
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In particular the function 6{z) is even. 

Remark 2.11.6. It is possible to define the function 9{z) as an entire function of z\, . . . , z g 
satisfying the transformation law (2.11.14) (this condition determines 9(z) uniquely to within 
a factor) . 

By multiplying theta function (2.11.15) we obtain higher order theta functions. The 
function f(z) is said to be a nth order theta function with characteristics a and j3 if it is an 
entire function of z\ , . . . , z g and transforms according to the following law under translation 
of the argument by a vector of the period lattice 

71 

f(z + 2iriN + BM) = exp |- - (BM, M) - n(M, z) + 2ni((a, N) - (J3, Af))J f(z). (2.11.17) 

Exercise 2.11.7: Prove that the nth order theta functions with given characteristics a, 
(3 form a linear space of dimension n 9 . Prove that a basis in this space is formed by the 
functions 

8\^^,f3}(nz\nB), (2.11.18) 
n 

where the coordinates of the vector 7 run independently through all values from to n — 1 . 

Remark 2.11.8. For reference we determine the transformation law of a Riemann theta 
function under transformation of the Riemann matrix of the form 

B' = 2m(2mm + nB){2ixik + IB)- 1 (2.11.19) 

f k l\ . 

where I J is an integer symplectic matrix (see Remark 2.8.3); it is according to this 

law that the period matrix of a Riemann surface transforms under changes of a canonical 
basis of cycles) . Denote by R the matrix 

R = 2irik + IB (2.11.20) 

The transformed values of the argument and of the characteristics are determined by 

2niz = z'R 

a!\ I n — m\ ( a \ 1 ,. /WA (2.11.21) 
P) = {-1 k ){(3) + 2 dmg {kl 

Here the symbol diag means the vectors of diagonal elements of the matrices ran 1 and fcZ*. 
We have the equality 

6[a',f3'](z'\B>) = xVdetRexpl ^Z>* / 1( ^ etfl U[a,fl(s | S), (2.11.22) 
where x is a constant independent of z and B. See [35] for a proof. 

Exercise 2.11.9: Prove the formula (2.11.22) for g = 1. Hint. Use the Poisson summation 
formula (sec [23]): if 



/(0 = ^ / f{x)e-**dx 
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is the Fourier transform of a sufficiently nice function /(#), then 

CO CO 

/(27m) = £ /(n) 

n— — oo n— — oo 

Theta function are connected by a complicated system of algebraic relations, the so called 
addition theorem. They are all relations between formal Fourier series (see [35]). We present 
one of these relations which will be used below. Let 0[n](,z) = 0[|,O](2z | 2B). (according 
to (2.11.18) this is a basis of second order theta function with zero characteristics). 

Lemma 2.11.10. The following identity holds: 

6{z + w)6(z - w) = 0[n](z)6[n](w). (2.11.23) 

n£(Z 2 )9 

The expression n e (Z 2 ) 9 means that the summation is over the g-dimensional vectors 
n whose coordinates all take values in or 1. 



Proof. Let us first analyze the case g = 1. The formula (2.11.23) can be written as 



where 



9(z + w)0(z -w) = 0(z)0(w) + 0[l](z)0[l](w) 
6(z) = exp(J&fc 2 + kz), 6(z) = exp(6fc 2 + 2kz), 



(2.11.24) 



0[l}(z) = J2eM 



b(- + k) 2 + (2k + l)z 



K(6) < 0. 



The left-hand side of (2.11.24) has then the form 



^exp 



k,l 



-b(k 2 + I 2 ) + k{z + w)+ l(z - w) 



(2.11.25) 



We introduce new summation indices m and n by setting m = (k + l)/2 and n — (k — l)/2. 
The numbers m and n simultaneously are integers or half integers. In these variables the 
sum (2.11.25) takes the form 



y^exp[bm 2 + 2mz + bn 2 + 2nw]. 



(2.11.26) 



We break up this sum into two parts. The first part will contain the terms with integers 
to and n, while in the second part m and n are both half-integers. In the second part we 
change the notation from m to to + | and from n to n + | . Then to and n are integers, and 
the expression (2.11.22) can be written in the form 

exp[&TO 2 + 2to2:] exp[6n 2 + 2nw]+ 

exp[6(TO + l -) 2 + 2(to + l -)z] exp[b(n + l -) 2 + 2{n + l -)w] = 
0(z)0(w) + 6[l](z)6[l](w). 
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The lemma is proved for g = 1. In the general case g > 1 it is necessary to repeat the 
arguments given for each coordinate separately. The lemma is proved. □ 

Exercise 2.11.11: Prove the following four term product identity of Ricmann. Suppose 
that two quadruples of g-dimensional vectors z\,...,z± and w\ , . . . , W4 are connected by the 
relation 

{z u ...,z 4 ) = {w u ..., Wi )T, (2.11.27) 

where 



2 



/I 
1 
1 

V 1 



1 1 

-1 -1 

1 -1 

-1 1 



(2.11.28) 



Then the following identity holds 



0(z 1 )e(z 2 )e(z 3 )e(z i ) = - 



E 



2[ a ,/3]e(Z 2 )2s 



6[a, 13} ( Wl )e[a, f3] (w 2 )6[a, (3} (w 3 )6[a, p](w 4 ). 

(2.11.29) 



Exercise 2.11.12: Suppose that the Riemann matrix B has a block-diagonal form B = 
B' \ 

B"r w ^ crc an d B" are k x k and I x I Ricmann matrices, respectively with 

k + l = g. Prove that the corresponding theta function factors into the product of two theta 
function 



(z\B) = e(z'\B')6(z"\B"), 



(Z!,...,Zg), 



(zi,...,z k ), z" = (z k+ i, ■ ■ ■ ,Zg). 



(2.11.30) 



2.12 The Riemann theorem on zeros of theta functions and its ap- 
plications 

To solve the Jacobi inversion problem we use the Riemann ^-function 9(z) = 0(z | B) on the 
Riemann surface T. Here B = (Bjk) is the period matrix of this surface with respect to a 
chosen basis of cycles. Let e = (ei, . . . , e g ) e C 9 be a particular vector. We consider the 
function 

F(P) = 0(A(P) - e). (2.12.1) 

The function F(P) is single-valued and analytic on the cut surface T. Assume that it is not 
identically zero. This will be the case if, for example 6(e) ^ 0. Note that in view (2.11.14) 
the zeros of the theta function form a well defined compact analytic sub- variety of the torus 
J(r). In other words for almost every vector e, the function (2.12.1) is not identically zero. 

Lemma 2.12.1. If F(P) ^ 0, then the function F(P) has g zeros on T (counting multi- 
plicity). 

Proof. To compute the number of zeros it is necessary to compute the logarithmic residue 

<f dlogF(P) (2.12.2) 
Zwi J d f 
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(assume that the zeros of F(P) do not lie on the boundary of dT ). We sketch a fragment of 
dT (cf. the proof of lemma 2.5.7). The following notation is introduced for brevity and used 
below: F + denotes the value taken by F at a point on dT lying on the segment a k or b k 
and F~ the value of F at the corresponding point 1 or 1 (see the figure). The notation 
u + and vT has an analogous meaning. In this notation the integral (2.12.2) can be written 
in the form 

h}*"*™ = ^g(l + £> ^ F+ ~ d ^- < 2 - 12 - 3 > 

Note that if P is a point on a k then 

«7(P) = «t(P) + B J - fc) j = l,...,g, (2.12.4) 

(cf. (2.5.7)), while if P lies on 6 fe , then 

uf(P) = uJ(P) + 2wiS jk , j = l,...,g, (2.12.5) 

(cfr. (2.5.8)). We get from the law of transformation (2.11.14) of a theta function that on 
the cycle a k 

logF-(P) = - l -B kk - u+{P) + e k + logF+(P); (2.12.6) 



on the cycle b k 
From this on a k 
and on b k 



2 

logF+ =\ogF-. (2.12.7) 
dlogF-(P) = dlogF+(P) - cu k (P), (2.12.8) 



dlogF-(P) = dlogF+(P). (2.12.9) 
Accordingly the sum (2.12.3) can be written in the form 

^L d]oRF= ^L uk=gi 

where we have used the normalization condition § u k = 2ni. The lemma is proved □ 

Note that although the function F(P) is not a single-valued function on T, its zeros 
P\,...,P g do not depend on the location of the cuts along the canonical basis of cycles. In- 
deed, if these basis cycles are deformed then the path of integration from Po to P can change 
in the formulas for the Abel map transformation. A vector of the form u)±, . . . , §^ uj g ) is 
added to the argument of the theta-function 0(z) in (2.12.1). This is a vector of the period 
lattice {2wiM + BN}. As a result of all this the function F(P) can only be multiplied by a 
non zero factor in view of (2.11.14). We show now that the g zeros of F(P) give a solution 
of the Jacobi inversion problem for a suitable choice of the vector e. 
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Lemma 2.12.2. Suppose that F(P) ^ and Pi, . . . , P g are its zeros on T. Then on the 
Jacobi variety J(T) 

A«(P 1 ,...,P g ) = e-lC, (2.12.10) 
where K. = (K-i, . . . ,K, g ) is the vector of Riemann constants, 



JCj - 



2ni + Bjj 



Proof. Consider the integral 

= «i(P)dlogF(P). (2.12.12) 

On the other hand, it is equal to the sum of the residues of the integrands i.e., 

Cj = u j (P 1 ) + --- + u j (P g ), (2.12.13) 

where Pi,. . . ,P g are the zeros of F(P) of interest to us. On the other hand, this integral 
can be represented by analogy with the proof of Lemma 2.12.1 in the form 



i 9 r 

— V / [u+dlogF+ - (u+ + B jk )(dlogF+ - uj k )} 
m k=i Ja * 

i 9 r 

■ J2 u t dl °S F + - (< - 27ri<5 jfc )dlog F+] 

nl k = l ^ fc *= 

- B jk [ dlogF+ + 2nB lk ] + [ dlogF+, 

m fe=1 Ua k Ja k J Jbj 



in the course of computation we used formula (2.12.4)-(2.12.9). The function F takes the 
same values at the cndpoints of a^, therefore 

/ d\ogF + = 2mnk, 

J a k 

where n k is an integer. Further let Qj and Qj be the initial and terminal point of bj. Then 
/ d log F+ = log F+ (Q j ) - log F+ {Qj ) + 2mm j = 



6, 

log 6(A(Qj) + fj - e) - log 6(A(Qj) - e) + 2mm j 
1 

2' 



- n B J3 + e j - Uj(Qj) + 2mm j, 



102 



where rrij is an integer and fj = (B\j, . . . , B g j) is a vector of the period lattice. The 
expression for Q can now be written in the form 

( j=Uj (P 1 ) + ---+u j (P j ) = 

= e 3 ~ \ B n - u AQi) ■ .,' E / u ^ k + + Yl B Jk(-n k + !)• 1 ' ' ' 

1 lm k Ja * k 

The last two terms can be thrown out, they are the j-coordinate of some vector of the 
period lattice. Thus the relation (2.12.14) coincides with the desired relation (2.12.10) if it 
is proved that the constant in this equality reduces to (2.12.11), i.e. 

^ ^ r 

~2 B ° J ~ u i(Q^ + 2^iYlj u i Uk = 1C i' J = !. • • • . 9- 

To get rid of the term Uj(Qj) we transform the integral 

<j> UjUJj = ^[u 2 j{Qj) - u]{Rj)], 

where Rj is the beginning of aj and Qj is its end (which is also the beginning of bj). Further 
uj(Qj) = Uj(Rj) + 2ni. We obtain 

/ 2iri 

f UjUj = -Y^ujiQj) - 2ni], 

I 9 r i 9 r 

-ujiQj) + — / u jU k = - ni +^- S / u i UJk - 

k = l Jcik k^],k=l Jak 

The lemma is proved. □ 

Remark 2.12.3. We observe that the vector of Ricmann constant depends on the choice of 
the base point Po of the Abel map. Indeed let JCp Q the vector of Ricmann constants with 
base point P - Then JCq is related to JC Pq by 

rQo 

K Qo =K Pa + (g-l) u>. (2.12.15) 

J P a 

Accordingly, if the function 6(A(P) — e) is not identically equal to zero on T, then its 
zeros give a solution of the Jacobi inversion problem (2.11.5) for the vector rj = e — K. 
We have shown that the map (2.11.4) A 9 : S 9 T — > J(T) is a local homeomorphism in a 
neighborhood of a non special positive divisor D of degree g. Since 9{z) ^ for z e J(T), 
then 9{A 9 {D)) does not vanish identically on open subsets of S 9 . We formulate without 
proof the following criterion for the function 9{A{P) — e) to be identically zero (see [29]). 

Theorem 2.12.4. [Theorem D] The function 8(A(P) — e) is identically zero on T if and 
only if e admits a representation in the form 

e = A(Q 1 ) + ...A(Q g ) + K, (2.12.16) 

where the divisor D = Qi + ■ ■ ■ + Q g is special. 



hence 
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In other words, the method in Lemma 2.12.2 does not give a solution to the Jacobi 
inversion problem if and only if this solution is not unique (sec Lemma 2.11.1). 
We summarize the assertions of this lecture on the zeros of a theta function. 

Theorem 2.12.5. Let r\ = (771 , . . . , n g ) be a vector such that the function F(P) = 9(A(P) — 
r/ — K) does not vanish identically on T. Then 

1. on T the function F(P) has g zeros Pi,... ,P g , which give a solution of the Jacobi 
inversion problem 

g Pk 

Uj (Pi) + • • • + Uj (P g ) = I "3 =Vj, 3 = 1, • • ■ ,9- (2.12.17) 

2. the divisor D = P\ + ■■ ■ + P g is nonspecial; 

3. the points Pi, . . . , P g are uniquely determined up to permutation by the system (2.12.17). 

Wc mention a result useful for what follows. 

Corollary 2.12.6. For a nonspecial divisor D = Pi + ■ ■ ■ + P g of degree g the function 
F(P) = 9(A(P) - A"{D) - JC) has on T exactly g zeros P = P u . . . , P = P g . 

(This corollary follow from Lemma 2.12.2 even without invoking the unproved Theo- 
rem 2.12 .4 if the in its formulation the words "nonspecial divisor" are replaced by "divisor 
in general position" .) 

Exercise 2.12.7: Let D = Pi + ■ ■ ■ + P n — Qi — ■ ■ ■ — Q n be a divisor of degree zero on 
L. The extension D -» A(D) = J2?=i( A ( p t) - MQi)) S J(T) of the Abel mapping to such 
divisors does not depend on the choice of the initial point in the Abel mapping. Prove that 
the correspondence establishes an isomorphism from the group of classes of divisors with 
zero degree modulo linear equivalence onto the Jacobian J(L). 

Exercise 2.12.8: Denote KP the vector of Ricmann constants evaluated with respect to 
the base point Q: 

Prove that 

K Q -1C Q ' = {g-l)A(Q-Q'). (2.12.18) 

Therefore there exists a degree {g — 1) Riemann divisor A independent on the choice of Q 
(but depending on the choice of the basis of cycles on L) such that 

1C Q = -A + {g-l)Q E J(L). (2.12.19) 

Remark 2.12.9. As already mentioned, the zeros of the thcta-function form an analytic 
subvariety of J(T). The collection of these zeros forms a theta divisor in J(L). 
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Lemma 2.12.10. The zeros of the theta function 9(e) = 0, admits a parametric represen- 
tation in the form 

e = A(Pi) + • • • + A(P fl _i) + K, (2.12.20) 
where Pi, ... , P g -i are arbitrary points of the Riemann surface. 

Proof. Let 8(e) — and define F(P) — 6(A(P) — e). Two cases are possible. 

1. F(P) on T. The by Theorem 2.12.5 

e = A(P X ) + • • • + A(P g ) + AC, (2.12.21) 

where the collection of points Pi,...,P g is uniquely determined. By the condition 
8(e) = 0, Po (the lower limit in the integrals) is among these points; say P g = Pq. 
Then A(P Q ) = 0, and it follows from (2.12.21) that 

e = A(PJ + ■ ■ ■ + A(P g _ 1 ) + K. 

2. Suppose that F(p) = on T. Then by Theorem, 2.12 .4 it is possible to represent e in 
the form 

e = A(Qi) H h A(Q g ) + /C, (2.12.22) 

where the divisor D + Qi + • • • + Q g is special. Since D is special, there exists a 
meromorphic function / having poles at the points Qi, . . . , Q ff and such that F(Po) = 
0. Let £>' = Pi + • • • + Pg-i + Po be the zero divisor of /. By Abel's theorem, 
A(D') = A(D). Substituting A(D') in place of A(D) in (2.12.22) and again using 
equality A(P ) = 0, we conclude the proof of the lemma. 

□ 

It has already been noted that the function F(P) = 9(A(P) - e) (let e = n + IC) 
is not identically zero if 8(e) ^ 0. The zeros of the theta function (the points of the 
theta divisor) form a variety of dimension 2g — 2 (for g > 3) with singularities in the 2g- 
dimcnsional torus J(T) . If we delete from J(T), the theta divisor, then we get a connected 2g- 
dimensional domain. We get that the Jacobi inversion problem is solvable for all points of the 
Jacobian J(T) and uniquely solvable for almost all points. Thus the collection (Pi, . . . , P g ) — 
(^4(f)) _1 (rj) of points if the Riemann surface T (without consideration of order) is a single 
valued function of a point q = (r)\,...r) g ) G J(T) (which has singularities at points of 
the theta divisor.) To find an analytic expression for these functions we take an arbitrary 
meromorphic function f(P) on T. Then the specification of the quantities 771 , . . . , n g uniquely 
determines the collection of values 

f(P 1 ),...J(P g ), A^(P 1 ,...,P g )= V . (2.12.23) 

Therefore, any symmetric function of these values is a single-valued meromorphic func- 
tion of the g variables i] — (rji, . . . , rj g ), that is 2<7-fold periodic with period lattice {2iriM + 
BN}. All these functions can be expressed in terms of a Riemann theta function. The 
following elementary symmetric functions has an especially simple expression: 

9 

^/W = E/(^)- ( 2 - 12 - 24 ) 
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From Theorem 2.12.5 and the residue formula we get for this function the representation 

*f{v) = ^-.<[ f{P)d\og6{A{P)-r,-K) 

Res 

P=Q k 



f2 12 25) 

E f(P)dlo g e(A(P)-r 1 -JC), 

/(Qfc)=oo 



the second term in the right hand side is the sum of the residue of the integrand over all 
poles if f(P). As in the proof of Lemma 2.12.1 and Lemma 2.12.2, it is possible to transform 
the first term in (2.12.25) by using the formulas (2.12.8) and (2.12.9). The equality (2.12.25) 
can be written in the form 

= h E / /( P H - E P Rc o S f(P)dlog0(A(P) -n-K). (2.12.26) 

Here the first term is a constant independent of 77 We analyze the computation of the second 
term (the sum of residue) using an example. 

Example 2.12.11. L is an hypcrclliptic Ricmann surface of genus g given by the equation 
w 2 = P2 g +i{z), and the function / has the form f(z, w) = z, the projection on the z-plane. 
This function on L has a unique two- fold pole at oo. We get an analytic expression for the 
function <jf constructed according to the formula (2.12.24). In other words if Pi = (z\,wi), 
. . . ,P g = (zg, Wg) is a solution of the inversion problem A(P\) + • • • + A{P g ) = rj, then 

(Tf{rj) = z 1 + --- + z g . (2.12.27) 

We take oo as the base point P (the lower limit in the Abel mapping). According to (2.12.26) 
the function 0/(77) nas the form 

cr f ( v ) =c -Res zd log 0(A(P) -rj-JC). 

00 

Let us compute the residue. Take r = z~2 as a local parameter in a neighborhood of 00. 
Suppose that the holomorphic differentials uji have the form u>i = ipi(r)dT in a neighborhood 
of 00. Then 



d\og8(A{P)-r ] -K) = jyoge(A{P)-f 1 -K] l u l (P) = 

»=i 

= ^yoge(A(P) - V - K)\*l>i{T)dT 



1=1 

where [...]» denotes the partial derivative with respect to the ith variable. By the choice 
of the base point point Pq = °°, the decomposition of the vector-valued function A(P) in a 
neighborhood of 00 has the form 

A(P) = tU + 0(t 2 ), 
where the vector U = (Ui, . . . ,U 9 ) has the form 

Uj = i>j(0), j = l,...,g. 
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From these formulas we finally get 

a f ( V ) = -d 2 x log % + /C)+c, (2.12.28) 

d 

where du = y^?_i J/it; — is the operator of differentiation in the direction U and c is a 
constant. 

We shall show in Section 3.3 that the function 

d 2 

u(x, t) = — log 9(Ux + WtK) + c 
ox z 

where Wk = ^"(0) solves the Korteweg de Vries equation 
o 

Ut = ^(Quu x + u xxx ). 

Exercise 2.12.12: Suppose that a hyperelliptic Riemann surface of genus g is given by the 
equation w 2 = Pi g +i (z) . Denotes its points at infinity by P_ and P+ . Chose P_ as the base 
point Pq of the Abel mapping. Take F(z, w) — z as the function /. Prove that the function 
07(77) has the form 

*f(v) = du log % % ^ } A) + c (2.12.29) 

where A = A(P + ) and the vector U = (Ui, . . . , U g ) has the form 

U 3 =iJ 3 (D), j = l,...,g, (2.12.30) 

where the basisholomorphic differentials have the form 

ujj(P) — ipj(T)dr, t^z^ 1 , P — > 00. 

Exercise 2.12.13: Let T be a Riemann surface w 2 = P$(z) of genus 2. Consider the two 
systems of differential equations: 

dzi = y/Pgjz!) dz2 = V / P 5 (z 2 ) 12 3 

dx z\ — z 2 ' dx z 2 — Z\ 

dzi = z 2 \/P5(z 1 ) dz 2 = z ly /P 5 (z 2 ) , 2 12 

dt z\ — z 2 ' dt z 2 — Z\ 

Each of these systems determined a law of motion of the pair of points 

P 1 = (z 1 ,y/Pb(z 1 )), P2 = {z 2 ,^P b {z 2 )) 

on the Riemann surface T. Prove that under the Abel mapping (2.11.1) these systems pass 
into the systems with constant coefficients 

^ = dm = 1 

dx ' dt 
dyi = 1 drj 2 = 
dt dt 

In other words, the Abel mapping (2.11.1) is simply a substitution integrating the equations 
(2.12.31) and (2.12.32) 
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3 Baker - Akhiezer functions and differential equations 



3.1 Definition of Baker - Akhiezer functions 

Among the elementary functions of a complex variable the exponential functions come next 
in order of complexity after the rational functions. The exponential e z is analytic in C 
and has an essential singularity at the point z = oo. If q{z) is a rational function, then 
f(z) = e q(z ^ is analytic in C = CP 1 everywhere except at the poles of q(z), where f(z) has 
essential singular points. In the last century Clebsh and Gordan considered a generalizing 
functions of exponential type to Ricmann surfaces of higher genus. It turn out that for 
g > such functions will have poles as rules in contrast to the usual exponential. Baker 
noted that such functions of exponential type can be expressed in terms of theta functions 
of Riemann surfaces. Akhiezer first directed attention [1] to the fact that under certain 
conditions functions of exponential type on hyperelliptic Riemann surfaces arc cigenfunctions 
of second-order linear differential operators. Following the established tradition, we call 
functions of exponential type on Riemann surfaces Baker- Akhiezer functions. The modern 
way of looking at the theory of Baker Akhiezer functions crystallized as a result of studying 
and generalizing analytic properties of eigenfunctions of ordinary linear differential operators 
with periodic coefficients (see [9]-[12],[16]). The general theory of Baker-Akhiezer functions 
and its applications to linear differential and difference operators and to nonlinear equations 
was constructed by Krichever ([19]-[21]), whose approach we shall follow on the whole in 
Lecture3-3.3. 

We give a definition of the Baker-Akhiezer functions of the simplest type, which have a 
unique essential singularity. Let T be a Riemann surface of genus g. Fix on T some point 
Q and a local parameter z = z{P) in a neighborhood of this point (let the point Q itself 
correspond to the value z = 0, z(Q) = 0). It is convenient to introduce the reciprocal 
quantity k = z^ 1 , k(Q) = oo. Further, let q(k) be an arbitrary polynomial. 

Definition 3.1.1. Let D = P\ + ■ ■ ■ + P g be a positive divisor of degree g on T\Q. A 
Baker-Akhiezer function on T corresponding to the point Q, at which the local parameter is 
z = k^ 1 , the polynomial q(k), and the divisor D is defined to be the function ip(P) such 
that: 

1. ip(P) is meromorphic on T everywhere except at Q, and has on T\Q poles only at the 
points Pi, . . . , P g of D (more precisely, the divisor of "0lr\Q is > D ); 

2. the product ip(Q) exp[— q(k(Q))] is analytic in a neighborhood of Q. 

Instead of the second condition we also say that the function ip(P) has at Q an essential 
singularity of the form 

*(P)~e 9(fc) . 

Such Baker-Akhiezer functions form a linear space for a given divisor D (we fix the point Q, 
the local parameter fc _1 , and the polynomial q{k)). Denote this space by A(D), by analogy 
with the space L(D). When the divisor D varies in a class of linear equivalence, D ~ D' , 
the space A(D) is replaced by the isomorphic space A(D'); if (/) = D' — D and ip e A(D), 
then ftp G A(D'). 
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Example 3.1.2. Let T be the elliptic curve w 2 = 4z 3 — 32^ — 53, and parametrize the points 
of this curve by the points of the torus T 2 = C/{2mu)+2noj'} (see Lecture 2.6) with z — p(u), 
w = p'(u). We take Q = {u = 0} (the point of T at infinity), k = and q(k) = xk, where 
x is a parameter. The divisor D consists of the single point Pi — (p(u 1 ) 1 p'(ui)). Then the 
Baker- Akhiezer function which depends on x has the form 

np)=n*;p) = ° { ?~ ui r? e Tl p={p{u),p\u)). (3.1.1) 

a(u — ui)<r(ui + x) 

Indeed this function has an essential singularity of the necessary form, since ((u) = k + 
0(k^ 1 ) as u = k^ 1 — > 0. Its pole is located at the point P = P\, because ct(0) = 0. The 
only thing that has to be verified here is that the function (3.1.1) is single- valued on L. In 
other words, we must check that the value of ip(P) does not change under the substitution 
u — ► 11 -\- 2mu + 2nu' . But this follows from the laws of transformation of the function ((u) 
and a(u) (formulas (2.6.28) and (2.6.29)). 

Exercise 3.1.3: Verify that for all u\, the function ip(x; P) in (3.1.1), as a function of x, is 
an eigenfunction for the Lame operator 

i,(x;P) = \i > (x;P), X=p(u), P = (p(u) , p' '(«)) . (3.1.2) 

Remark 3.1.4. In the definition of the Baker- Akhiezer function the requirement D G L\Q 
can be waived. If, for example, the point Q appears in the divisor D with multiplicity n, 
then as P — > Q the corresponding Baker- Akhiezer function ip(P) must by definition have an 
asymptotic expression of the form 

V>(P) = exp[q(k)](ck n + O^- 1 )), 

where c is a constant. 

We return to general Riemann surfaces. 

Theorem 3.1.5. Suppose that a divisor D = P± + • • • + P g of degree g is nonspecial. Then 
the space A(D) is one- dimensional for a polynomial q with sufficiently small coefficients. 

In other words for a nonspecial divisor D and a general polynomial q(k) the conditions 
of definition 3.1.1 determine a Baker- Akhiezer function uniquely to within multiplication by 
a constant. We precede the proof of the theorem by an important auxiliary assertion. 

Lemma 3.1.6. A Baker- Akhiezer function ^(P) has g zeros P[,...,P' g on T. The following 
relation holds for the divisor D 1 = P[ + ■ ■ ■ + P' g of the zeros and the divisor D of the poles 
of this function on the Jacobi variety J(T) 

A {9) {D')=A {9) {D)-U q (3.1.3) 

where U q = (U g i, . . . , U qg ) is the vector of b-periods of the normalized Abelian differentials 
of the second kind fl g with zero a-periods and with principal part at Q of the form 

n q (P) = dq(k) + 0{k- 2 )dk, k^k(P)^ 00; (3.1.4) 
* Q 9 = 0, j = l,...,g; U q:j =(b Cl q , j = l,...,g. (3.1.5) 

J aj Jbj 
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Conversely if divisors D and D' of degree g satisfy (3.1.3), then they are the divisors of 
the poles and zeros for some Baker- Akhiezer function with poles in D, zeros in D' and an 
essential singularity of the form ip(P) — expq(k) as P — > Q. 

Proof. Consider the logarithmic differential ft = dlogip. This is a meromorphic differential 
on T with a pole (at least double) at Q with principal part of the form dq(k), and with 
simple poles at the zeros and poles of ip. Applying the residue theorem to this differential, 
we get that the number of zeros of ip is equal (counting multiplicity) to the number of poles, 
i.e. g. The first part of the lemma is proved. 

We now represent the differential CI = dlogip in the form 

9 9 

n = Qp;.^ + fi g + cjUj, (3.1.6) 

where Clp> p. are the normalized differentials of the third kind, the differential Ct q is defined 
above, u>i,...,u g are the basis of holomorphic differentials and c\ , . . . , c g are constants. The 
conclusion of the proof of the lemma is almost identical to the proof of Abel's theorem. The 
condition for ip to be single-valued on L can be written in the form 

<x> CI = 2-rmk, f Cl = 2irim k , k=l,...,g, (3.1.7) 

where n k and rrik are integers. Since the differentials Clp>p. and Cl q are normalized, the first 
of these conditions implies that c k = n k for k + 1, . . . , g. By the formula for the periods of 
a differential of the third kind, the second condition gives us that 

9 ,p; 9 
^2 uj k + U qk + ^2n j B jk = 2Trim k , k = l,...,g. (3.1.8) 

3=1 Jp i 3=1 

This equality is the fc-th coordinate of the relation (3.1.3). Conversely, if (3.1.3) holds, 
then (3.1.8) also holds for some integers n\, . . . , n g , mi, ... , m g . This implies (3.1.7) for the 
differential (3.1.6) with a = rii, i = 1, . . . , g. The function -0 = exp J Cl will then be single 
valued on T, have zeros and poles at the points P[, . . . , P' g respectively, and have an essential 
singularity of the necessary form at Q, since J fl q has the asymptotic expression q(k) + 0(1) 
as P — > Q. The lemma is proved. □ 

Proof of the Theorem 3.1.5 

Proof. We first prove the existence of a Baker-Akhiezcr function. From the divisor D we 
construct a divisor D' of degree g by solving the Jacobi inversion problem (3.1.3) with 
respect to D'. According to the lemma, a Baker- Akhiezer function with the necessary 
singularities corresponds to the pair of divisors D and D'. We now prove uniqueness. Let ip 
and ip be two Baker-Akhiezcr functions with the same data. The relation (3.1.3) holds for 
the divisors D' and D' of their zeros. If the coefficients of the polynomial q(k) are small, 
then the vector U q is also small (verify!). Since D is nonspccial, D' and D' are nonspecial 
for a sufficiently small vector U q in view of Lemma 2.11.1 and the fact that a divisor in 
general position is nonspecial. It follows from (3.1.3) and Abel's theorem that the divisors 
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D' and D' are linearly equivalent. Since they are nonspecial, they coincide. Therefore, the 
ratio ip' (P) /ip(P) is a holomorphic function on T and hence is constant. The theorem is 
proved. □ 

Exercise 3.1.7: Suppose that D is a divisor of degree n > g in general position. Prove that 
the space A(D) of Baker- Akhiczer functions with poles at the points of D (the definition of 
them does not differ from the Definition 3.1.1) has dimension n — g + 1 for a polynomial 
q(k) with sufficiently small coefficients. 

We now get an explicit formula for Baker-Akhiezcr functions. 

Theorem 3.1.8. Suppose that the divisor D and the polynomial q are the same as in 
theorem 3.1.5. Then the Baker- Akhiezer function constructed from the Riemann surface V, 
the point Q, the local parameter k^ 1 , and the divisor D has the form 

MP) ~ cexp ( f P n ) mP)-A<*HD) + U q -IC) 

Here c is an arbitrary constant, Pq ^ Q is an arbitrary point of T, the differential Ct q and 
its period vector U q are defined by the equalities (3.1.4) and (3.1.5), and JC is the vector of 
Riemann constants. The path of integration in the integral J Pg fl q and in the Abel mapping 

A(P) = ^ Jp a uji, . . . , Jp^ LUg^j are chosen to be same. 

Proof. We first verify that the function is single- valued on V. Single- valucdness can fail 
only because the path of integration from P to P can vary. If we take another path of 
integration from P a to P, then the periods of the corresponding differentials along some 
cycle 7 are added to the integrals J p fl q and J p Wj. decompose this cycle with respect to 
the basis of cycles: 7 ~ Tfk=i n k a k + Y^ 9 j=i m jbj where and nij are integers. Then under 
a change of the path of integration we have that 

f f Q q + J2^jU qj = [ Sl q + (M,U q ), (3.1.10) 

J Pq J Pq j J Pq 

A(P) — > A(P) + 2niN + BM. (3.1.11) 

Here M = (mi, . . . , m g ), N = (m, . . . ,n g ) are integers vectors. According to (2.11.14), 
under such a transformation the ratio of the theta function is multiplied by 



exp[-i(£M, M) - (M,A(P) - A^(D) - U q -K)] 
exp[- \ (BM, M) - (M, A(P) - W) (D) - K)] 



= exp(-(M,?7 g ), 



while the exponential term acquires the reciprocal factor exp(M, U q ) > . The single- valuedness 
is proved. 

Further, since D is nonspecial, the poles of the function (3.1.9) (which arise because of 
the zeros of the denominator) lie precisely at the points of the divisor D; see Corollary 2.12.6. 
For polynomial q(k) with small coefficients the numerator in (3.1.9) is not identically zero. 
Moreover, the function (3.1.9) has an essential singularity of the necessary form in view of 
the choice of Q q . Indeed near Q we have J Po Q q = q(k) + 0(l), k = k(P) — ► 00. The theorem 
is proved. □ 
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Remark 3.1.9. A function tp(P) of the form (3.1.9) depends analytically on the coefficients 
of the polynomial q(k). Therefore, it is not identically zero only for small values of these 
coefficients, but also for any values of them. The same applies to Theorem 3.1.5. 

Remark 3.1.10. Baker- Akhiezer functions on singular algebraic curves constructed from 
(nonsingular) Riemann surfaces with degeneracies of the pinched cycle are very useful for 
applications to differential equations. Here we consider the example of the so-called Enriqucs 
curves (see Example 2.4.19), which are obtained from surfaces of genus g by pinching all a- 
cycles in some canonical basis. These curves can be represented in the form of the Riemann 
sphere C = CP 1 by identifying g pairs of points a\,bi, . . . ,a g ,b g . Suppose that the poles 
of the Baker- Akhiezer function are located at the points z = z\, . . . , z = z g of the complex 
z-plane. We locate the essential singularity of this function at the point z = oo, let k = z 
and fix some polynomial q(z). Then the corresponding Baker- Akhiezer function has the 
form 

^■"X*-^ (3 - L12) 

V>(a0 = i = l,...,g (3.1.13) 

(cfr (2.4.4). Here c is an arbitrary constant and coefficients determined uniquely 

from the system of linear equations (3.1.13) for the points Z\,...,z g in general position. 
Baker Akhiezer functions on curves with more complicated singularities are constructed 
similarly. 

Exercise 3.1.11: Suppose that L is a Riemann surface of genus g, Q is a point on it, and 
k^ 1 is a local parameter in a neighborhood of this point. Let P^ be any pairs of points on L. 
Then for almost any divisor D of degree g+l and for almost any polynomial q(k) there exists 
a unique (up to a factor) Baker- Akhiezer function ip{P) such that ?p(P + ) = ^P{Pq) with 
poles at the points of D and an essential singularity at Q of the form ij)(P) = cxp q(k(P)). 

In the situation described in this exercise it is natural to call tp(P) the Baker- Akhiezer 
function on the singular curve obtained from the Riemann surface L by gluing together the 
points Pq and P ~ . This singular curve can be thought of as being obtained from a Riemann 
surface of genus g + 1 by pinching a cycle nonhomologous to zero (this gives a singularity, a 
double point). A more complicated singularity of "beak" type is obtained by subjecting the 
surface to a further degeneracy by letting the points Pq and Pq approach each other and 
coalesce into a single point Pq. Baker- Akhiezer functions on curves with a beak are defined 
as follows. 

Exercise 3.1.12: Let L, g, Q and k be the same as in the exercise 3.1.11. Let Po be a 
point on L, and z a local parameter with center at this point z(Po) = 0. Then for almost 
any divisor D of degree g+l and for almost any polynomial q(k) there exists a unique (up 
to a factor) Baker-Akhiezer function ip(P) such that ^(P) — exp(q(k(P)), with poles at the 

points of D and essential singularity at Q of the form — ^(P)|p=p = 0. 

dz 

3.2 Kadomtsev - Petviashvili equation and its solutions 

Let L be an arbitrary Riemann surface of genus g. Lt us fix on L a point Q and a local 
parameter k~ x near this point such that k(Q) — oo. For the triple (L, Q, k) one can construct 
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the Baker - Akhiezer function ip(P), P € V, with some nonspccial divisor of poles D and 
with an essential singularity at Q of the form 



il>{P) 



l + O 



(3.2.1) 

k = k{P) -> oo for P ->Q. 

In other words, we take q(k) = kx + k 2 y + k 3 t as the polynomial q(k) in the Definition 3.1.1 
denoting x, y, t the coefficients of the polynomial (the parameters of the BA function). To 
emphasize the dependence of the BA function on the parameters we denote it ip(x, y, t; P). 

From Theorem 3.1.2 we get an expression of tp(x, y, t; P) via theta-function of the Rie- 
mann surface T 

e(A(P)-A^\D) + xU + yV + tW-K) 

ijj(x,y,t;P) = c— ^- 



x exp 



6(A(P)-A(9)(D)-JC) 

x [ fi 1 + y [ n 2 + t [ n 3 ) 

v JPo JPo JPo J 



(3.2.2) 



for an arbitrary choice of the basic cycles oti, . . . , a g , b\, . . . , 6 9 on T. Here c = c{x, y, t) is 
a normalizing constant, f2i, ^2, ^3 are the normalized second kind differentials on V with 
the only poles at Q having the principal parts dk, d(k 2 ) and d(k 3 ) resp. In the notations of 
Lecture 6 

Q 1 = -Q i Q ) , fi 2 = -2^ 2) , n 3 = -3n i Q ) - (3.2.3) 

The vectors 

U={U 1 ,...,Ug), V=(V 1 ,...,V g ), W = (Wl, . . . , Wg) 

are built of the 6-periods of these differentials, 



Ui=(bQ u Vi= <b fi 2) Wi=<bQ 3 , i = l,...,g. (3.2.4) 

Jbi Jbi Jbi 

Other entries of (3.2.2) have the same meaning like in the formula (3.1.9). 

For sufficiently small x, y, t the divisor D' of zeroes of tp(x, y, t; P) does not contain the 
point Q (assuming the divisor D has it support on T \ Q). Hence the function tp(x, y, t; P) 
can be normalized in such a way that 

4>(x,y,t;P)= (i + I + $ + •••) e k *+ k2+k3 \ k = k(P) (3.2.5) 

for P — > Q (this normalization determines the factor c = c(x, y, t) in (3.2.2)). The coefficients 
^1, ^2, ■ ■ ■ are certain functions of x, y, t; we will compute them below. 

For the moment we will forget the Ricmann surface origin of the scries (3.2.5) looking at 
this as at a formal expansion. A simple but important statement holds for the derivatives 
of this expansion with respect to the parameters x, y, t. 
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Lemma 3.2.1. For a function ((3.2.5)) with arbitrary smooth coefficients £1 = £i(x, y,t), 
£,2 = &{x, y,t), ... the following equations hold true 



d_ cP_ 
dy dx 2 



+ u 



ip = O ( I | < 



kx+k 2 y+k 6 t 



d d 3 3 / _g g_ 
<9i <9x 3 4 \ & 9x 



V ' = ° 1 fc 1 ' 



kx+k-'y+k^t 



(3.2.6) 



(3.2.7) 



w/iere i/ie functions u — u(x,y,t) and w — w(x,y,t) are uniquely determined from the con- 
ditions of vanishing of the coefficients of k n e kx+k y+k " 1 for n = 0, 1, 2, 3. These functions 
have the following form 



— a 7F 

ox 

9x 2 cte 2 <9x ' 

The proof can be obtained by a straightforward computation. 
Denote L and A the resulting ordinary differential operators 

L = dl + u 



(3.2.8) 
(3.2.9) 

(3.2.10) 



A = dl + l (ud x + d x u) 



w 



(3.2.11) 



(we will often use the short notation d x := J|). 

Theorem 3.2.2. Let tp = ip(x, y, t; P) be the BA function of the above form constructed for 
an arbitrary Riemann surface T, a point Q e T, a local parameter k^ 1 with the center at 
the point Q and a nonspecial divisor D, normalized by the condition (3.2.5). Then tp is a 
solution to the system 



dip 
dy 

dip 
~dt 



Lip 



Aip 



(3.2.12) 
(3.2.13) 



where the operators L, A are given by the formulae (3.2.8) - (3.2.11). 
Proof. The functions 



satisfy all conditions of the definition of BA function with the same essential singularity 
e kx+k y+k t a j. j. ne p 0m ^ Q £ Y and the same poles at the divisor D identical to those for 
the function ip(x, y, t; P). But from Lemma 3.2.1 it follows that the products 



ipi e 



-kx-k 2 y-k 6 t 



and if2 e 



-k x-k 2 y-k 6 t 
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vanish at the point Q. Due to uniqueness of the BA function (see Theorem 3.1.5) these 
products must vanish identically in P £ T. The Theorem is proved. 

Corollary 3.2.3. The functions u = u(x , y , t) andw — w(x,y,t) of the form (3.2.8), (3.2.9) 
give a solution to the Kadomtsev - Petviashvili (KP) system 



3 



w x 



(3.2.14) 



u t - - (6uu x + u xxx ). 



As we will see below, the KP equations play an important role in physics of nonlinear 
waves. They are often written in the form of a single equation 



d_ 
dx 



1 



(6uu a 



(3.2.15) 



One can easily derive (3.2.15) from (3.2.14) by just eliminating w. 

Proof. The conditions of compatibility of the system (3.2.12), (3.2.13). i.e., the equality 
of the crossed derivatives 

d dtp d dip 
dt dy dy dt 

read 

— L — — 
dy ' dt 



A 







(3.2.16) 



(we denote [ , ] the commutator of the two operators) . Let us explain how to compute this 
commutator. First of all, the derivatives J^, commute pairwise. The commutators 
of the derivatives with the operators of multiplication by a function can be computed like 
in the following two sample computations: 



d_ 
dy 



, w 



so 



dx 2 



, w 



that is, 



92_ 
dx 2 

dx 2 ' 



dy' 



(w ip) 



dx 1 
d 



2 w x — + w xx tp, 



2 w x 



dx 



So, after simple computations the compatibility condition (3.2.16) reads 

d 



Pi 



dx 



ip = 



(3.2.17) 
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for certain differential polynomials P\, Pi (i.e., polynomials in u, w and their derivatives). 
The left hand side of the equation (3.2.17) near Q has the expansion of the form 



d_ 
dy 



L >-m + A 



o 



dL OA 
dt dy 



[A,L\ 



(3.2.18) 



for the operators L, A of the form (3.2.10), (3.2.11). The commutation representation 
(3.2.18) of KP was found in [8] (see also [17]). We will call it zero curvature representation. 

Summarizing, for any Riemann surface T of genus g, any point Q on T, and a local 
parameter near Q, we have constructed a family of solutions of KP. The solutions are 
parametrized by nonspecial divisors of degree g on T (i.e., by generic points of the Jacobian 

j(r)). 



Exercise 3.2.4: Prove that changes of the local parameter of the form 



k^Xk + a+^ + o(^ 



(3.2.19) 



for arbitrary complex numbers A ^ 0, a, b transform the solutions u(x,y,t) in the following 

way 

x ^ X x + 2A a y + (3 A a 2 + 3 X 2 b) t 



y i > X 2 y + 3 X 2 at 
t i ► X 3 t 



(3.2.20) 



u i > X~ 2 u -2bX~ 2 . 

Let us derive theta-functional formulae for the solutions of KP. We will use the formula 
(3.2.2) expressing the BA function via theta-function of T. 

Theorem 3.2.5. The solutions of KP constructed in Theorem 3.2.2 and Corollary 3.2.3 
read 

u{x, y,t) = 2d 2 x \og6{xU + yV + tW + z {) )+c (3.2.21) 

w(x, »,t) = | d x d y log9(xU + yV + tW + z )+ a (3.2.22) 

Here 9 = 6(z) is the theta-function of the Riemann surface T wrt a basis of cycles a\, . . . , 
a g , b\, . . . , b g , the vectors U, V, W are defined in (3.2.16), 

z a = -A i9 \D)-K 

is an arbitrary vector, c, c\ are some constants depending on (T, Q, k) and on the choice of 
the basis of cycles on T. 
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Proof. Due to (3.2.8), (3.2.9) it suffices to compute the coefficients £1, £2 of the expansion 
(3.2.5). ft is even more convenient to use expansion of the logarithm of the BA function 

log %l>(x, y,t;P) = kx + k 2 y + k 3 t+^ + ^ + ... (3.2.23) 

where 

m = €u m = &-^l, 

so 

u=-2 Vlx , w = -3r] 2x +^u x . (3.2.24) 

Comparing (3.2.23) with the formula (3.2.2) for ip(x,y,t; P) we obtain that the coefficients 
of fc _1 and k~ 2 in the expansion of the function 

._ 9(A(P)-A(»)(0)-/: + x[f + »V + ttr) 
^ - i0g 0(A(P) - A(9) (D) - K) { ' 

near the point Q have the form 

r/i — cx — ay — bt and t? 2 — C\x — a\y — bit 

resp. Here the constants c, a, b and c\, a\, b\ are the coefficients of k~ x and k~ 2 in the 
expansion at P — > Q of the second kind integrals 

P ^ c Ci 

fii = fc + c + - + -r^ + ... 

rP 

J n 2 = k 2 + a +^ + ^ + ... (3.2.26) 



n 3 = k 3 + b Q + h - + p + . . . . 



All the coefficients but 00, 60, c o do not depend on the choice of the initial point P . The 
coefficients 771 and 772 do not depend on Pq cither due to (3.2.23) and to the uniqueness of 
the BA function. Hence we can choose Pq = Q in (3.2.25). For this choice of the initial 
point of the Abel map one has 

A(Q) = 0. 

The expansion of the Abel map near Q has the form 

MP) = -\u-^V + o(£). (3.2.27) 

To derive (3.2.27) one has to use the identity 

dA(P) = (u> 1 (P),...,u g (P)) 
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and the formulae (2.7.11) for the 6-pcriods of the differentials Qq\ an d a l so the 

definitions (3.2.3), (3.2.4) of the vectors U, V, W. Hence 

log ip(P) = log 9{-k~ 1 U -^kr 2 V + 0(k- 3 ) + xU + yV + tW + z ) + --- = 

= log 9{x U + y V + t W + z ) - k~ x d x log 9{x U + y V + t W + z ) (3.2.28) 

- \ k ~ 2 (dy ~ log 9{x U + y V + t W + z Q ) + 0(fc- 3 ). 
The dots stand for some x, y, t independent terms, zq has the form 

z Q = -AW{D)-K. 

Redenoting c i— > —2 c, ci ^> — 3ci we derive from (3.2.28) and (3.2.24) the formulae of 
the Theorem. The vector z is an arbitrary generic point of J(T) due to Jacobi inversion 
theorem. The Theorem is proved. 

The solutions we have constructed satisfy KP equation for those complex values x, y, t 
such that 

9(xU + yV + tW + z Q )^0. 

It is clear that they are complex meromorphic functions having poles when 9{x U + y V + 
t W + zq) = 0. An additional information about these solutions follow from the formulae 
(3.2.21), (3.2.22). Namely, they are quasiperiodic functions of x, y, t. Indeed, the second 
logarithmic derivatives 

2d 2 x \og9{z) and Z -d x d y \og9{z) 

are meromorphic single valued functions on the Jacobian torus J(T) 9 z. Here the differential 
operators d x and d y are defined by the formulae 

9 d 9 d 

i—l i—1 

The single-valuedness follows from the transformation law (2.11.14). Indeed, a shift of the 
argument by a vector of the period lattice produces the transformation 

\og9{z + 2mM + BN) = \og9(z) - ^ < B N, N > - < N, z > . 

So, the linear in z term disappears after double differentiation. To obtain the solutions 
u(x,y,t) and w(x,y,t) one is to restrict the functions onto the straight lines directed along 
the vectors U, V, W. 

If a commensurability condition 

TU = 2iri(n l ei H h n g e g ) + B (miei H h m g e g ) (3.2.29) 

hold true for some number T and integers n\, n g , mi, m g then the functions 
u(x,y,t), w(x,y,t) will be T-periodic in x. (In the formula (3.2.29) e±, e g is the 
standard basis in C 9 , B is the period matrix of the Riemann surface T). The conditions of 
periodicity in y or in t have a similar form. 
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Exercise 3.2.6: Prove that the periodic in x solutions to KP of the form (3.2.21), (3.2.22) 
are dense among all these solutions. Here we consider density wrt the uniform norm on a 
finite segment of the x axis. 

Example 3.2.7. For the elliptic curve T, point Q, and the local parameter A; as in Example 
3.1.2 the BA function with the behavior (3.2.1) has the form 

Mx,y,t;P) = Cr( '" - Ul - X }°i U ll e xi(u)+yp(u)-\tp'(u) 

a(u — m)a(ui + x) 

(3.2.30) 

P= (p(u),p'(u)), D=(p(« 1 ),p / (ui)) 
(cf. (3.1.1)). The corresponding solution to KP does not depend on y, t: 

u = —2 p(x + ui). 

Exercise 3.2.8: Let us assume that, along with the commensurability conditions (3.2.29) 
another representation of the same form fulfills for the vector U, 

T'U = 2ni{n' 1 e 1 + ■■■ + n' g e g ) + B (m'^i + • • • + m' g e g ) (3.2.31) 

for a complex number T' and some integers n' 1; n' g , m' 1 , m' g . Prove that, if 
Q(T'/T) > then u(x,y,t), w(x,y,t) are elliptic functions in x. Prove that these func- 
tions must have the form 

JV 



u{x, y, t) = -2^2 p{x - Xi(y, t)) 



»=i 



(3.2.32) 



w(x, y,t) = — ~ Xi ^ v ' ^ 
z i=i oy 



for some N, where Xi(y,t), i = l,...,t are some functions of y, t, p is the Weierstrass 
p-function with the periods T, T'. 



3.3 KP hierarchy 

Let us return to general Riemann surfaces P. The structure of the essential singularity used 
in this Lecture as well as in the previous one is only the simplest among possible ones. The 
most straightforward and natural generalization is to use multiparametric BA functions with 
the essential singularity at Q G T of the form 

1>(x,t 2 ,t 3 ,...;P)= + e kx+k2t ^+-. (3.3.1) 

In the previous notations i 2 = y, H = t; we will also often denote 

t\ = x. 
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The periods in (3.3.1) mean that only dependence on finitely many variables t%, ■ ■ ■ , fjv for 
sufficiently large TV will be under consideration. An analogue of Theorem 3.2.2 and Corollary 
3.2.3 reads 



Theorem 3.3.1. The function ip of the form (3.3.1) for any n = 1, 2, 3 satisfies linear 

differential equations 

^ = A n i, (3.3.2) 



where 



Ai = d x , A 2 = L, A 3 = A, 

n 

A n = d n x +Y,<d--\ (3.3.3) 



i=1 



the coefficients u%, ■ ■ ■ , u™ of the differential operators A n can be expressed recursively via 
the coefficients £ 1; of the expansion (3.3.1). These coefficients satisfy an infinite 

system of differential equations (the so-calledKP hierarchy,) represented in the zero curvature 
form 



d d 

fit ' f)i 



1 +[A n ,A m }=0, n,m= 1,2,3,... (3.3.4) 



Bt Bt 

The coefficients vh can be expressed via the theta-function of the Riemann surface V. 



3.4 Degenerate Baker - Akhiezer functions and KP 

In this section we will work out the algebro-geometric solutions to the KP equation associ- 
ated with singular algebraic curves, like those constructed in Remark 3.1.10 (and even for 
curves with more complicated singularities) following the scheme of the Theorem 3.2.2 and 
Corollary 3.2.3. Indeed, in the proofs we used only the asymptotic behaviour (3.2.5) of the 
BA function and the uniqueness of the function. All these properties hold true for the BA 
functions on singular curves. Let us describe these solutions explicitly. 
We define a BA function on a singular curve as a function of the form 

il>{x,y,t;k)= [k N + a 1 {x,y,t)k N - 1 + --- + a N (x,y,t)\ e ^+*W* (3.4.1) 

where the dependence of the coefficients on x, y, t is determined from the following system 
of linear constraints 

^g^9^,j/,t;fc)|^=0, i = l,...,N. (3.4.2) 
The complex numbers 

Ki,...,k m , Ki^Kj for i^j 

(3.4.3) 

a\j, i = 1,. .., N, j = l,...,M, s = 0,1,.. .,m,j, 



toH h m M + M > N 
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are the parameters of our singular curve and of the divisor on it. 

The constraints (3.4.2) can be rewritten as a system of linear equations for the coefficients 
oi, . . . , d n . In order to give an explicit form of these equations we introduce polynomials 

P riS {x,y,t;k) := e -kx-k 2 y-k 3 t gs ^r^x+k'y+k't^ 

= e~ k x - k2 y- k3t d r d k e k x + fe2 f+ fe3 * (3 4 4) 



= (d k + x + 2ky + 3k 2 t) s k r . 



Denote Wj = Uj(x,y,t) the linear functions 



OJj = KjX + n% + k 3 A, j = 1, . . . , M. 



(3.4.5) 



Then the constraints (3.4.2) can be written as a system of linear equations for the functions 

a k = a k (x,y,t) 



N 



^A ik (x,y,t)a k = bi(x,y,t), i=l,...,N 



where 



fc=i 



M rrlj 

j=l s=0 
M rrij 

bi(x,y,t) ^^rCJVJ,-.,,.!:,,),"' . 

j=l s=0 



(3.4.6) 

(3.4.7) 
(3.4.8) 



Denote 



A(x,y,t) = (A ik (x,y,t)) 



the N x N matrix of coefficients of the system (3.4.6) and A(x,y,t; k) the (N + 1) x (N + 1) 
extended matrix 

/ k N k"- 1 ... 1 \ 
h 



A(x,y,t;k) 



A(x,y,t) 



\ b N 



(3.4.9) 



/ 



Theorem 3.4.1. For those x, y, t such that det A(x, y, t) ^ the function ip = ip(x, y, t; k) 
is uniquely determined by the constraints (3.4.2). It has the form 



ry ' y ' ' ; det A(x, y, t) 



(3.4.10) 



It satisfies the linear system 



dy =L ^ ~dt ^ 
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with the operators L and A of the form (3.2.10), (3.2.11), where the coefficients u and w are 
given by the formula 

u(x, y,t) = 2 d x log det A(x, y, t) 

(3.4.11) 

3 

w{x,y,t) = - d x d v log det A(x,y,t). 

Corollary 3.4.2. The functions (3.4.11) satisfy KP equations (3.2.14). 

Proof of the Theorem. Let L, A be the operators of the form (3.2.10) with the coefficients 
u, w defined as in (3.4.11). Choosing the coefficient u(x,y,t) by 

u{x,y,t) = -2d x ai(x,y,t) 

one can easily see that the function 

dtp 

ip(x,y,t;k) := — — Ltjj 

has the form 

$(x,y,t;k) = [oifoy.t)*;"- 1 + ■ ■ ■ + a N {x,y,t)] e kx ^ v+kH 

with some coefficients ai(x,y,t), a N {x,y,t). This form is completely analogous to 
(3.4.1) but the term k N is missing from the pre-exponential factor. Let us show that the 
coefficients a\ = a\(x, y, t), . . . , ajv = cln(x, y, t) satisfy the linear homogeneous equations 

N 



^2A lk (x,y,t)h k =0, i = l,...,N. 



fe=i 

Indeed, for an arbitrary linear differential operator A = A(d x ,d y , d t ) the function 

ip(x,y,t;k) := Atp(x, y, t; k) 

satisfies the same constraints (3.4.2) as the coefficients of the linear system of constraints do 
not depend on x, y, t. Applying to the operator A = d/dy + u we obtain the needed linear 
homogeneous equations. Due to nondegenerateness det A(x, y, t) ^ of the coefficients 
matrix we obtain '0 = 0. The second linear equation dtp/dt = Aip can be derived in a 
similar way. 

The proof of the formulae (3.4.10) - (3.4.11) follows from the Cramer rule applied to the 
system (3.4.6) and from the following obvious identity 



9r 



P r , a (x, y, t; k) e k *+ k2 y+ k3t ] = P r+lt .(x, y, t; k) e <-+*W'. 



The Theorem is proved. 
Exercise 3.4.3: Prove that 



<H = - ^logdetA{x,y,t), i = l,...,N. (3.4.12) 
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Corollary 3.4.2 follows from compatibility, identically in k, of the linear system 

dip , . dtp 

like in the proof of Corollary 3.2.3. 

Remark 3.4.4. For nondegeneracy of the matrix A(x, y, t) of coefficients of the system of 
linear constraints (3.4.2) has rank N. We also note that the function ip(x,y,t;k) remains 
unchanged if the matrices af ■ arc multiplied from the left by an arbitrary constant nonde- 
generate N x N matrix. 

Exercise 3.4.5: For the BA function of the form 

1>= (k + a) e k *+ k2 y+ k3 t 

satisfying the linear constraint 

V>(«i) + cip(n 2 ) = 
obtain the following explicit formula for the function u: 

u{x,y,t) = * («i - « 2 ) 2 scch 2 i [(«! - k 2 ){x - x Q ) + {n\ - K%)y+ (k\ - n%)t] (3.4.13) 
where 

x = log c. 

For real K\ ^ k 2 and real positive c the formula (3.4.13) gives a solitary plane wave 
solution of KP. More generally taking all the multiplicities rrij — in (3.4.2) one obtains 
multisoliton solutions describing interaction of plane waves (see below). The most known 
particular example of a multisoliton solution is obtained as follows. 

Exercise 3.4.6: Consider the degenerate BA function of the form (3.4.1) determined by 
the following system of linear constraints 

V>(%) + CiV(Pi) = 0, i = l,...,N (3.4.14) 

where pi, . . . , p N , qi, . . . , q N are pairwise distinct complex numbers, C\, . . . , cjv are arbitrary 
nonzero numbers. Prove that the corresponding solution to KP is given by 

3 

u = 2dllogT(x,y,t), w = -d x d y \ogT{x,y,t), 

/ e ^i(x,y,t)-nj(x,y,t)\ 

r{x,y,t) = det(Aij(x,y,t)), A tj (x,y,t) = % + p t (3.4.15) 



Pi 1j J l<i,j<N 



\i(x,y,t)=PiX+p*y + p}t, p l (x,y,t) = q i x + qfy + qft, = a(pi - q^) J| - 
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Also derive the following representation for the ^-function 

= detA(x,y,t;k) ekx+k 2 y+k 3 t 
det A(x, y, t) 

A{x,y,t) = ( A ij( x yy^))i<i,j< N ' A(x,y,t-,k) = (Aij(x,y,t;k) 

1, i = J = 



0<i,j<N 



Aij(x,y,t; fc) = < 



\i{x,y,t) 



, i > 0, j = 



(3.4.16) 



-93 



-, i = 0, j>0 



k ^(a;,y,i), i > 0, j > 
Hint: Recast the system (3.4.14) into the form 

Res i>(k) + p^ipi) = 0, i = l,...,iV 



for the function 



N 



fex+fe y+fe « 



(3.4.17) 



(3.4.18) 



Apply the Cramer rule to solving the linear constraints (3.4.17) for the unknowns 

f l :=r i e^ i , i = l,...,N. 
Exercise 3.4.7: Taking the constraints (3.4.2) in the form 

DMk)\ k=Ki =0, i=l,...,N (3.4.19) 
for the differential operators with constant coefficients of the form 



D l = J2^d s k , i = l,...,N 



(3.4.20) 



s=0 



prove that the resulting solutions of KP will be a rational function in x, y, t. 
3.5 KP and Schur polynomials 

Let us now consider a particular example of rational solutions to KP defined by the con- 
straints of the form (3.4.19) for the BA function 



i/>{t; k) = (k N + a^k"- 1 + ■■■ + a N (t)) e kti+kH 2+ ^t 3+ . 



(3.5.1) 



with K\ = K2 = • • • = hn = 0. The differential operators in (3.4.19) will be chosen in the 
following particular form 

Di = 8F, i = l,...,N 
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for some pairwise distinct positive integers n\, . . . njy. The linear constraints for the degen- 
erate BA function take the form 

a£ 4 VWU=o = 0, i = l,...,N. (3.5.2) 

In order to write the system more explicitly let us introduce the following elementary 
Schur polynomials p (t) — 1, Pi(t), P2(t) etc. as the coefficients of the following formal series 
in k. 

e fe* 1 +fe 2 * 2 +fe 3 *3+- = J2 Pm(t)k m . (3.5.3) 

m>0 

In particular, 

Pi(t) = *i, p 2 {t)=t 2 + l -t\, pi{t)=t z + t 1 t 2 +\t\ 

2 6 

etc. Clearly the polynomial p m (t) depends only on ti, . . . , t m . Note the following useful 
identity 

dp m (t) . . . . 

gt =Pm-j{t) (3.5.4) 

(it is understood here and below that p m = for m < 0). One also has the following 
recursion formula 

Exercise 3.5.1: Prove 

^2itip m -i(t) =mp m (t), m>l. (3.5.5) 

More general Schur polynomials p ni ,...,n N (t) in the variables t±, . . . , are defined by 
the following determinants 



Pn u -,n N {t) = det 



/ Pni-JV+i • ■ • Pm-1 Pm \ 

Pn 2 -W+1 • ■ • Pn 2 -1 Pn 2 

\ Pn N -N+l ■■■ Pn N -l Pn N J 

for arbitrary pairwise distinct positive integers n\, . . . , njy- 



(3.5.6) 



Theorem 3.5.2. The solution u(t\,t2, ■ ■ ■) to the KP hierarchy determined by the degen- 
erate BA function (3.5.1), (3.5.2) has the form 

u = 2d 2 x \ogT{t) 

r{t) = p ni ,n 2 ,...,n N {t)- (3.5.7) 
Proof. The system of linear constraints (3.5.2) can be spelled out as follows: 

JV 

^p i+nj -N{t) a t = -p nj -N{t), j = l,...,N. 
»=i 
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Applying the Cramer rule one obtains 

/ Pm-N Pm-N+2 

Pn 2 -N Pn 2 -N+2 



det 



Ol 



\ Pn N -N Pn N -N+2 



det 



( Pm-N+l Pm-N+2 

Pn 2 -N+1 Pn 2 -N+2 
\ Pn N -N+l Pn N -N+2 



Pm \ 

Pn 2 

Pn N ) 



Pm \ ' 

Pn 2 

Pn N J 



Using 

d x p m (t) = J3 m _i(t), X = tx 

(see (3.5.4) above) one observes that the numerator in the previous formula is the x-derivative 
of the denominator. So 

£1 = -d x logp„ 1; „ 2i ..., nN {t). 

As u = —2d x ai, this completes the proof. 

In order to establish the relationship between our definition of Schur polynomials and 
the standard one used in the theory of symmetric functions let us introduce a change of 
independent variables 



(xi,...,x N ) i-> (ti,...,t N ) 



(3.5.8) 



1 N 

1 E 



s=l 



(in the theory of KP known as Miwa variables). 

Lemma 3.5.3. The transformation (3.5.8) is a local diffeomorphism on the space 

{{xi,- ■ ■ ,x N ) e R N | x, ^ xj for i^j}. 

Proof. The determinant of the Jacobi matrix 

dt m 



Y.Tn—1 



dx 8 



is the Vandcrmondc determinant 



det 



dx. 



}~[(x s -x t )^0. 



s<t 



The generation function (3.5.3) for the elementary Schur polynomials in the Miwa vari- 
ables will read 



N N 

5>w*' = e ^ — = n ^ = n Y^kx- 



(3.5.9) 



j>0 
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This formula realizes elementary Schur polynomials pi(t), . . . , piyit) as symmetric functions 
in x\, . . . , xn. The general Schur polynomials (3.5.6) are also symmetric functions in xi, 
. . . , x j\[ . The explicit formula for these symmetric functions is given by the following 

Exercise 3.5.4: Prove the following formula for the general Schur polynomials 



det 



Pn u .. 



r(t) 



/ 



x 2 1 

^"2 



( < 



JV-1 



det 



„N-2 



4- Y 

„N-2 



\ 1 



N 



\ 



,JV- 

r N-2 
J N 



1 \ 



1 7 



(3.5.10) 



The formula (3.5.10) defines an important class of symmetric functions in the variables 
xi, . . . , xif. In order to establish a correspondence with our notations let us introduce 
nonnegative numbers 

d\ > di > • • • > djsi 
associated with an order decreasing set of nonnegative integers 

n\ > n 2 > ■ ■ ■ > n N > 

by 

di = n, - (N - i), i = l,...,N. 

We also associate a Young tableau with d\ boxes in the first row, d 2 boxes in the second 
row etc. According to the standard notations (see, e.g. [?]) adopted in the theory of 
symmetric functions the Schur polynomials (3.5.10) are labeled by Young tableaux (or, 

equivalently, by partitions {d\ , . . . , rfjv} of the number d = d\ H h dw)- They are obtained 

by antisymmetrization of the monomial 



x 



di+N-l d 2 +N-2 



L 2 ■ ■ ■ x N 

and subsequent division by the Vandcrmonde determinant, so 



d N 



( 



det 



x 



di+JV-l 



X 



d 2 +N-2 d 2 +N-2 



N 

d 2 +N-2 
N 



'{di 



,dN}( X ) 



det 



T,djv 
x l 


™d N 
x 2 




J 


fx-- 1 


3-2 

x 2 


X N \ 

T N-2 




V i 


1 


■ 1 ) 





(3.5.11) 



Exercise 3.5.5: Prove that the degree of the symmetric polynomial (3.5.11) is equal to 

degS , {dli ... idjv} (a;) = d 1 H \-d N . 
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For example, 

S m ,0,...,0 — Pm, ..,1 = X\ . . . Xn. 

The function S^ 1 _ t 4 N y(x) coincides with the characters of the linear representations of the 
general linear group GL(N) labeled by the Young tableau with d\ > d 2 > ■ ■ ■ > rows. 
Restricting the representation from GL(N) onto the unitary subgroup U (N) C GL(N) one 
obtains the representation uniquely defined by the highest weight 

diag(A 1 ,...,A^) A*...A^ 

(see details in [?]). The unexpected connection between the representation theory of Lie 
groups and the theory of integrable systems was an important starting point for the infinite 
dimensional Grassmannian description of the KP hierarchy and its generalizations. We will 
briefly consider this theory in the next section. 



3.6 Sato formulation of KP hierarchy and tau-functions 

We have already outlined the scheme of including higher times in the theory of BA functions 
and constructing the algebro-geometric solutions to the so-called KP hierarchy. Here we 
represent in a more compact way the recursion relations of the KP hierarchy and introduce 
the important notion of tau-function associated with any solution to this hierarchy. 

It will be convenient to use the language of pseudodifferential operators. By definition a 
pseudodifferential operator of order n € Z is a symbol 

n 

i> — 00 

where the coefficients a^x) are arbitrary smooth functions in x on some interval of real 
line. The product of two pseudodifferential operators of orders m and n respectively is a 
pseudodifferential operator of order m + n uniquely defined by the natural product structure 
of smooth functions and by the following commutation rule of the operator and the 
operator of multiplication by a smooth function / = f(x) 

i>0 ^ ' 

Here the binomial coefficients arc defined for any integer k <G Z by 

k \ _ k(k-l)...(k-i+l) 

i 



(3.6.3) 



For positive integer k > the sum truncates. It coincides then with the classical Leibnitz 
formula. 

The resulting algebra of pseudodifferential operators will be denoted ^DO. The subset 

G= J l + ^T gi (x)d- 1 \ c VDO (3.6.4) 
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is a subgroup. We also introduce a subset of differential operators 

i<S+oo 



DO=| J] ai{x)di\ C^DO. (3.6.5) 

This subset is closed with respect to the product. For any pseudodifferential operator A 
denote 

A + e DO (3.6.6) 

its differential part and put 

A_=A-A+. (3.6.7) 

The operator A_ contains only negative powers of d x . 

We will now introduce a module of formal BA functions (FBA-modulc, to be short) over 
the algebra ^>DO. The elements of this module arc written as formal Laurent series in 1/fc, 
where k is an indeterminant, with coefficients in smooth functions in x, multiplied by the 
exponential e kx 

FBA = | V = ( Yl J e f • ( 3 - 6 ' 8 ) 

I \i«+oo / J 

The symbol i <C +oo means that the summation truncates for some positive value of the 
index i. The action 

*DO x FBA -» FBA 

is defined by the formula 

( a i( x ) d i] z kx = ( E e**. (3-6-9) 

\i«+oo / \J<S+oo / 

Lemma 3.6.1. The map 

^DO 3 Ah Ae kx e FSA 
establishes an isomorphism of the linear spaces 

Proof is obvious. 

Let us now consider an element of the FBA module depending on parameters t 2 ,t 3 , ... of 
the form 

^(t,fc)= + ^ + ^ + e tfl+fcV '-eFBA®C[[i 2 ,i 3 ,...]] (3.6.10) 
where 

t = (ti,t 2 , • • • ), ti = x. 

The derivations 

J- : FBA ® C[[t 2 , *3, ■■■]]-» ® C[[t 2 , *3, • ■ • ]] 
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act on ^-function in an obvious way. We want to formulate the conditions that ip satisfies 
the linear equations of the KP hierarchy. 
Denote 

W = 1 + ^d- 1 + &d- 2 + ■ ■ ■ e FBA ® C[[t 2) t 3 , . . . }} (3.6.11) 

the pseudodifferential operator associated with the function ip according to Lemma 3.6.1, 
i.e., 

i/,= VKe fetl+fc2 * 2+ -. (3.6.12) 
The function ip is an eigenvector of the operator 

L = Wd x W~ 1 = d x + ^u i (t)d x i (3.6.13) 

»>1 

i.e., 

Lip = kip. (3.6.14) 

The functions Ui, u 2 , ... are certain polynomials in £ 1; £ 2 etc. and their ^-derivatives. In 
particular, 

mi = -dx€i, u 2 = -d x (& - ^ Ci ) (3.6.15) 



etc. 

Let us introduce differential operators A 1; A 2 , . . . by taking the differential part of L, 
L 2 : 

A n :=(L n ) + , n=l,2,.... (3.6.16) 

In particular, 

Ai = d x , A 2 = d 2 x + 2u u A 3 = d x + 3u 1 d x +3u 2 +3u' 1 (3.6.17) 

etc. (here and below we use short notation /' := d x f for the cc-derivative of a function /). 
Using formulae (3.6.15) one can express the coefficients of these operators via differential 
polynomials in £i, £ 2 etc. The meaning of these expressions is clear from the following 
statement. 

Lemma 3.6.2. Given a formal BA function (3.6.10), assume that the operator A n for 
some positive integer n is constructed according to the procedure (3.6.11) - (3.6.16). Then 
the expression 

^-A n ipeFBA®C[[t 2 ,t 3 ,...\] 

has the form 

^-A n iP = o(^j e **i+^+-. (3.6.18) 
Proof. Differentiating the formula (3.6.12) with respect to the parameter t n one obtains 
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Using (3.6.14) one rewrites the last formula as follows 

|r = (Wt.W- 1 + L n ) ip = (A n + B)tp 

where the operator 

B := Wt^W- 1 + (L n )_ 
contains only negative powers of d x . Clearly, 



The Lemma is proved. 

Definition. We say that the ^-function (3.6.12) satisfies the n-th equation of KP hier- 
archy if 

^=A n iP, (3.6.19) 
dt n 

where the operator A n is constructed by the procedure (3.6.11) - (3.6.16). 

One can consider the above definition as construction of a vector field on the space of 
■^-functions of the form (3.6.12) (or, equivalently, on the space of pseudodiffcrcntial oper- 
ators W of the form (3.6.11)). From the proof of the Lemma one obtains an alternative 
representation of this vector field: 

dW 

— = -(L n )_W. (3.6.20) 

Let us denote 

B n :=(£")_, n=l,2,.... (3.6.21) 

Lemma 3.6.3. The derivative of the operator L of the form (3.6.13) along the n-th equation 
of the KP hierarchy is given by the following Lax equation 

QT 

— = [A n ,L]. (3.6.22) 

Proof. Differentiating L = W d x W^ 1 with respect to t n and using the formula 

diW- 1 ) = -W^dWW- 1 

for a derivative of the inverse operator we obtain 
3T 

— = -B n Wd x W- 1 + W8 X W- x B n = [L, B n ] = [An, L\. 
ot n 

The Lemma is proved. 

Let us prove commutativity of these vector fields. 

Lemma 3.6.4. The commutator of vector fields (3.6.19) acts on the ^-function by the 
operator 

^- d ^ + [A n ,A m }. (3.6.23) 

<Ji m (Jo n 
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Proof is obvious. 



Theorem 3.6.5. The equations of KP hierarchy commute pairwise. 

Proof. According to the Lemma it suffices to prove that the differential operator in the 
left hand side of (3.6.23) vanishes for every pair of integers to, n. To this end it suffices to 
prove the following identity: 

dA n dA m dB rn dB n 

Indeed, the left hand side of this equation contains only nonnegative powers of d x while the 
right hand side contains only negative powers. Hence they both are equal to zero. 

In order to prove the above equation we use the following simple consequence of the Lax 
equation (3.6.22): 

' >L ' [A m ,L n ]. 



dt r , 



So, 



iir - + A ^ = w~ ( L " ^ B ^ ~^r^ Lm - B ^ + t L " - B ™ Lm - B ^ 

= [A m ,L n ] - [A n , L m ] - [L n , B m ] - [B n ,L m ] + - + [B n , B m ] 

= [A m + B m , L n ] - [A n + B n , L m ] + — — — - + [B n , B m ] 
dB m dB n 

The Theorem is proved. 

We are now ready to define the tau-function of a given solution to the KP hierarchy 
Given a solution to the KP hierarchy 



Lip — kxp, L = d x + ^ Ujd x 



»>i 



^ = A n ^, A n = (L n ) + , n=l,2,... (3.6.25) 



let us introduce the functions h[ m \t) defined from the expansions 



(3.6.24) 
(3.6.25) 
(3.6.26) 



^_ Xogi)= ^t = k m + Y j h { ( n) k- i . (3.6.27) 

Note that 



dt m V 

l> 1 



= d x & = - Ul = ~u. (3.6.28) 
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Moreover, 

^ m) =<9 m £i, m>l. (3.6.29) 
In the above examples we have seen that the coefficient £1 admitted a representation 

£1 = -9 x logr(t) 

where r(t) appeared as the determinant of the linear system determining the BA function. 
Therefore 

h[ m) = -<9 x <9 TO logT(t), m>l. (3.6.30) 

We want now to define an analogue of the function r(t) associated with an arbitrary solution 
to the KP hierarchy to generalize the formula (3.6.30) to this general case and, moreover, 
to express the ^-function in terms of this "tau-function" . 
According to the definition (3.6.27) one has 



L rn + J2h < i m) L-\ (3.6.31) 



d x = L + ^2h\ 1) L~ i . (3.6.32) 



r ,W; 

i>l 

In particular, for to = 1 the formula expresses the x-derivative via the operator L: 

»>1 

Lemma 3.6.6. The coefficients h\ m ^ satisfy the following equations 

dh {m) dh {n) 

-w- = -t- (3 ' 6 ' 33) 

for any i>l. 

Proof. The needed equation follows from the symmetry of the mixed derivatives 

d d , , v-<%, M 



dt n dt m ^ dt n 

i>i 

According to the Lemma, the 1-form 

m> 1 

is closed. Therefore, locally it is differential of a function. We denote this function ~d x log r(t), 
i.e., 

h[ m) = -d x d m logr{t), to > 1. (3.6.34) 
In particular, comparing with (3.6.28) we obtain that 

u(t) = 2d 2 x logr(t) 

in accordance with the above examples. 

We are going to express the function tj)(t, k) via tau-function. 
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Theorem 3.6.7. 1). For any solution ip(t,k) of the KP hierarchy there exists a function 
t = r(t) such that 

h%> = d nPm (-d)logr, m, n > 1. (3.6.35) 
where p m is the m-th elementary Schur polynomial and 

~d:=(d 1: l -d 2 , l -d 5 ,...). (3.6.36) 

2). The ip-function in (3.6.24) is expressed via its tau-function according to the following 
formula 

i/>(t, k) = T (^-h t 2-2W,t3-3W,---) e kt 1+ kH 2 +kH 3 +..._ (3 g 37) 

t(*1>*2,*3i • • • ) 

Observe that for m = 1 the formula (3.6.35) coincides with (3.6.34). Since 

Pm(—d) = ——d m + derivatives in t\, . . . , t m -\ 
m 

one can recursively express all the second logarithmic derivatives d 2 logr / 'dt n dt m as certain 
differential polynomials of £i, £2, ■ ■ ■ • Therefore the function r(t) is defined uniquely by a 
solution of the KP hierarchy up to multiplication by exponential of a linear function 

r(t) ^ T (t)e Cltl+C2 * 2+ - (3.6.38) 

with arbitrary constants C\ , c 2 , .... 

Definition. The function r(t) is called the tau-function of the solution (3.6.24) of the 
KP hierarchy. 

We will first derive a recursion relation for the operators A m . For convenience we put 

A = 1. 

Lemma 3.6.8. The operators A m = (L m ) + satisfy recursion relation 

m 

A m+1 = d x -A m -Y / h { pA m ^ - h[ m) . (3.6.39) 

i=l 

Proof. From (3.6.31) and (3.6.32) we derive that 
Am+^L-L^ + ^h^L-" 

i>l 

i>i j \ j>i j »>i 

= d x ■ A m - Y, ^ ] L- 1 (L m + Oid- 1 )) - h { r ] + Oid- 1 ) 
»>i 



= d x ■ A m - Y h^An-i - h[ m) + Oid- 1 ). 



i=l 
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The term 0(d x x ) in the last row vanishes since all the remaining terms are purely differential 
operators. The Lemma is proved. 



Introducing the generating function of the operators A r , 

A™ 



A(z) := E 



m>0 



we rewrite the recursion formula in a short way: 

8 X ■ A{z) = X {z) A{z) + a{z) 

where 



X(z) = 



d x ip(z) 



(m) 



(3.6.40) 

(3.6.41) 
(3.6.42) 



Lemma 3.6.9. The coefficients ft™ satisfy the recursion relation 

m— 1 



(3.6.43) 



Proof. Acting by the operators in the both sides of (3.6.41) on ip(k) with \z\ > \k\ one 
obtains, after division by tp(k) 



Or 



A(z)ip(k) 



(3.6.44) 



Since 



where we denote 



it follows that 



ip(k) z-k 4^. z m+1 



m>0 



a m (k) := 



A m ^(k) 



Am) 



i>l 



d x 



E a m (k) 
7 m+l 



m>0 

In the limit z — > k this yields 

d x 



X(z)-x(k) 
z — k 



m>0 



+ a(z) + \x(z)- X (k)] E^TT' 



E 



Ct m {k) 



= -X(k)+a(k). 



From the last equation it follows that 

m^^^-^E^-r 
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Using the symmetry (3.6.33) we complete the proof. 

From the recursion relation of the Lemma we can compute all the coefficients hm\ In 
particular, 

2 hP = hf ] - d x h ( p = -d x d 2 log r + dl log T , 



so 



similarly, 



= \di (a?-fc)logr; 



etc. Now it is easy to derive (3.6.35) for n = 1 comparing the recursion relations (3.6.43) 
and (3.5.5). Using the symmetry (3.6.33) one extends to an arbitrary n > 1. 

The proof of Theorem 3.6.7 readily follows from the the formula (3.6.35) since 

log (tx - \,t 2 - JL,t 8 - ^ , . . .) = e -*ft-ii**-^*-- logr(t) 
- X! fc-> m (-9)logr(t). 

m>0 

Example. For the iV-soliton ^-function (3.4.18) determined by the linear constraints 
(3.4.17) the formula (3.6.37) of Theorem 3.6.7 yields 

det ( da + Pi ^^^) , , 

v(t ; fc) = v ; efetl+fc2t2+fe 3 t3+ ... (3 6 45) 

det (5 tf+Pi ^) 
(the notations are the same as in Exercise 3.4.6). 

Exercise 3.6.10: Check directly the formula (3.6.45) by verifying validity of the linear 
constraints (3.4.17). 

Exercise 3.6.11: Check by direct computation that the -0-function 

tp(t k) = k N Pni '-' nw ^ 1 Z ^ 2 Z 2gj : : : i tN Z w^") e /c*i+fc 2 t 2 +... 

Pm,...,nN 

satisfies the linear constraints (3.5.2) used in the construction of rational solutions to KP. 
Hint: First prove the following identity for elementary Schur polynomials 

/ll 1 \ 1 , 

Pro I *1 - T,h — ^72' ■ • ■ >*JV — , T , „ — Pm(*l, ■ ■ ■ , tN) ~ jPm-l{tl, ■ ■ • ,ijvj- 



k >"< 2 fc 2 ''"' " N k N J ™^>- •■>"«> k 

We will now consider our main class of KP solutions obtained from Baker - Akhiezer 
functions on a Ricmann surface T of genus g with a marked point Q € T and a chosen local 
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parameter z = k 1 defined on a neighborhood of Q. Such a BA function tp(t; P) is uniquely 
determined by a non-special divisor D of degree g. It has the asymptotic 

V(t; P) = + ^ + + e kt 1+ kH 2+ ^t ;s+ .^ (3 g 46) 

In order to express the BA function via theta-functions one has to fix a canonical basis of 
cycles ai, . . . ,a g ,bi, . . . ,b g € Hi(T, Z). Then the BA function reads 

Here fii = £li(P) are normalized Abclian differentials of the second kind with poles of the 
order i + 1 at Q, 

dz 

fli(P) = -i —. — + regular terms, P^Q (3.6.48) 
fii = 0,..., A fli = 0. 



Ol 



(In the previous notations = — ifig\) Observe that 



JQo 



p n 



Qi = k l {P)+ ai + 0^-j , P^Q, i = 1,2,... (3.6.49) 
for some constants aj. The vectors {/, are made from the 6-periods of these differentials, 

{U l ) 1 = j£ fii, . . . , (£/i) fl = jf n 4 . (3.6.50) 

The Abel map 

A : r -» j(r) 

is defined by 

A{P)=( I* I* (3.6.51) 
\JQo JQo ) 

with normalized holomorphic differentials uj\, . . . , u> g inside, 

uij = 2ni5jk- (3.6.52) 

The base point Qo and the integration paths from Q to P in (3.6.47) and in (3.6.52) have 
to be the same. The constant vector £ contains the information about the divisor D, 

C = A(D) + IC Qo (3.6.53) 

where JCq is the vector of Riemann constants. Finally, the normalizing factor c(t) is defined 

The coefficients at are defined in (3.6.49). 
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Remark 3.6.12. One can choose Qo — Q as a base point. In that case the integrals in the 
exponential factor must be replaced by the principal value of the divergent integral: 



V>(t; P) = c(t) e 



Et^n, e(A(P) + J2t i U l ^Q 



(3.6.55) 



w» + fe^Qo) 



4- f2j := lim / 



c(t) 



'(0 



For the sake of simplicity of the formulae we will stick to this choice of the base point 
Lemma 3.6.13. The Abel map has the following Taylor expansion at P — > Q: 



(3.6.56) 



Proof immediately follows from (2.7.11). 

Let us define the infinite matrix from the Laurent expansions of the second kind 
Abclian integrals 



/ P ^ = F-V% k = k(P), P^Q, / = 1.2..... 
Jo TZl 3 k 



'« 3>1 

Lemma 3.6.14. The matrix is symmetric. 

Proof follows from the result of Exercise 2.7 '.11. 
Theorem 3.6.15. The tau-function of the solution (3.6.55) reads 

r (t) = e i2>^ e(J2uUi-c) ■ 

Exercise 3.6.16: Let 

k(k) = c_ifc + c + - 



(3.6.57) 



(3.6.58) 



»>i 



k i 



be an invertible change of the local parameter, i.e., c_i ^ 0. Introduce the following two 
matrices 



ui ~d k * dk 
6 = Res — — 

J fc=oo fcj k 



Aij = Res [(k^+dhP] 



(3.6.59) 
(3.6.60) 
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where ( • )+ denotes the polynomial part with respect to k. Prove that the matrix Ay is 
symmetric. Prove that the change of the local parameter yields the following transformation 
of the tau-function 

*i = 

j>i 

(3.6.61) 

f(t) =e^ Ai ^r{t). 

Exercise 3.6.17: Since any two pseudodifferential operators with constant coefficients com- 
mute, a pseudodifferential operator 

*>i 

with constant coefficients always satisfies KP hierarchy. Prove that the tau-function of this 
solution has the form 

T(t) = e _ ^Vitj (3.6.62) 



where 



Ay = Res \{k l )+dk j ] (3.6.63) 

k=oo 



and k = k(k) is the series inverse to 



* = * + (3-6.64) 



i>\ 



The polynomial part (k % ) + in (3.6.63) is taken with respect to the variable k (cf. the previous 
exercise) . 

Since all unknowns of the KP hierarchy are expressed via tau-function and its derivatives, 
the equations of the hierarchy themselves can be recast into the form of differential equations 
for a single function r(ti, £2, • • • )• Indeed, substituting 

3 

u = 2d 2 x log r, w= -d x d v log r 
into KP system (3.2.14) one obtains 

d x (~2^ = °' A = t t xxxx - At x t xxx + 3t xx - 4 (r r xt - T x r t ) + 3 (t t vv - t%). 

Integrating one obtains therefore a quadratic equation for r and its derivatives 

t t xxxx - 4t x t xxx + 3t xx - 4 (t r xt - T x r t ) + 3 (r r TO - t^) - c r 2 = (3.6.65) 
where c is an integration constant. 
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There is a remarkable way to represent all equations of the KP hierarchy in a bilinear 
form. To do it we need to introduce the notion of dual formal BA function. Let us first 
define an antiisomorphism 

x-.tyDO-t^DO, d* = -d x , (AB)* = B*A*. (3.6.66) 

Introduce the dual formal BA function by 

-fcti-fc 2 t 2 -... _ ( -i i i ££ i 1 ^-fctj-fc 2 ^ 



V>*(t, fc) := e fctl - fc t2 — • =( v 1 + y + ^l + -- -J e- fetl - fe ' 2 — ■ (3.6.67) 

where the coefficients ^ e ^ c - are defined by this equation, i.e., 

w* _1 = i+££0r. 

i>l 

Lemma 3.6.18. 

^*(t,fc) = r ( fl + ^ 2+ 2g-^ + g'--) e - fctl ^ 2 t2 - fc 3 t3 +.... (3 . 668) 

Theorem 3.6.19. T/ie equations of KP hierarchy are equivalent to the following bilinear 
equation 

Res V(t,fc) ip*{t',k)dk = (3.6.69) 

fc=CX) 

/or any t, t'. 

Let us explain how to rewrite the KP equations in terms of r using the bilinear equations 
(3.6.69). We have to spell out the equation 

S?r («■ - h * - w- ■ ) T (i + U + w- ■ ■ ■ ) e*-»«"".-^-* = o. 

The substitution 

ti — x i Vii t% x i "P Uii i 1)2,... 

yields 

= Res r L - Vl - \,x 2 - y 2 - ^, . . . ) r L + Vl + \, x 2 + y 2 + ^, . . . ) e-"*-^--* 



= Res \e zZk , i^i T (x-y)T(x + y)] e- 2kyi - 2k * V2+ -dk 

k — OO L 

= E k-'piidyMx + y) r(x - y)] ^(-2*/)' 

OO 

= ^Pj{- 2 y)Pj+^ v )T{x + y) t(x - y) 

OO 

= ^Pji-Zy)^ Vi ^Pj+i(d z )T(x + z)t(x - z)\ z=Q 



dk 
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where we introduce auxiliary variables z = (z\, z 2 , ■ ■ ■ ) and put, as above, 

n oz n 

We want now to introduce the following notation (the so-called Hirota bilinear opera- 
tors). Given a function / — f(x) and a linear differential operator P(d x ) define the bilinear 
operator P{D X ) / • / as follows 

P{D X ) f ■ f := P(d y ) f(x + y)f(x - y)\ y = . (3.6.70) 

Using this notation we can recast the result of the previous calculation into the form 

00 

5> J -(-2y)e£«% j+ i(£) t ■ r = 0. (3.6.71) 

3=0 

Here D — {D\, D 2 , ■ ■ ■ ) is the infinite vector of Hirota bilinear operators associated with 
d/dti, d/dt 2 etc., 

Dn = ~ D n . 

n 

Expanding the left hand side of (3.6.71) in power series in y\, y 2 , ... and equating to zero 
the coefficients of independent monomials one obtains the bilinear form of equations of KP 
hierarchy. The first two equations read 

(D{ + :W\ - ADiDs) t • r = 
[D\D 2 - 3AD4 + 2D 2 D 3 ) t ■ r = 0. 

3.7 "Infinite genus" extension: Wronskian solutions to KP, orthog- 
onal polynomials and random matrices 

We will now consider the limiting case M — > 00 of the linear constraints (3.4.2) assuming 
all the multiplicities mj to be equal to 0. The sums become integrals 



ai(k)ip{k)dk = 0, i = l,...,N (3.7.1) 



over some curves on the complex plane; the functions ai(k) are chosen in such a way to 
ensure existence of the integrals (3.7.1). The associated solution to KP can be written in a 
nice form in terms of the Wronskian of the following functions 

<Pi(t)= f a l {k)e ktl+k2t2+ -dk 1 i = l,...,N. (3.7.2) 
We also denote the x-derivatives of these functions by 
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Theorem 3.7.1. Let us assume that the Wronskian of the functions (3.7.2) 
W(t) := det 



¥>i(*) 

vi(t) 




<p N (t) 
... <p' N (t) 




^ :1) (t) 




= *2, ■ • 


. ) . Then the 


functions 



(3.7.3) 



satisfies KP. 
Proof. Since 



«(t) - 2^io g w(t), t£/(t) = -a^iog^W 



/ k m a i (k)ij(t;k)dk = <p < i m \t), 



(3.7.4) 



the i-th equation of the linear system for the coefficients ai(i), . . . , a;v(i) of the degenerate 
BA function (3.5.1) reads 



-<p\ > * = 1. 



(^jOat = -v ; . i = I .... , AT. 
Solving by Cramer rule this system we obtain for the coefficient ai(t) the expression 

ai {t) = -d x logW{t). 

This proves the theorem. 

Observe that the functions (fii(t) for every i satisfy the linear differential equations with 
constant coefficients of a very simple form 



d<pi(t) d m <pi{t) 



m= 1,2,.... 



(3.7.5) 



dt m dx r ' 

In other words, the functions <fi(t) satisfy the linear differential equations of the KP theory 



dtpijt) 
dt m 



i(t) 



with 



L° m = d?, m>l. 



(3.7.6) 
(3.7.7) 



Exercise 3.7.2: Given N arbitrary solutions to the system (3.7.5) with nonvanishing Wron- 
skian (3.7.3), prove that the function (3.7.4) satisfies KP. 

We will now apply the above trick to the following particular situation. Let us choose 
the system of linear constraints for the function 



ip N (k) 



(k N + a 1 k N - 1 



+ a N ) e fe * 1+fe2 * 2 +- 



(3.7.. 
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in the form 



/OO />OG /'CO 

ip(k)n(k)dk = 0, / kip(k)fi(k)dk = 0,..., k N ~ 1 il){k)ii{k)dk = Q. (3.7.9) 
-oo J —oo J —oo 

where the function is chosen in such a way to ensure convergence of the integrals. More 
specific choice of the function /i(fc) is given by 



(3.7.10) 



for a suitable polynomial v(k). 

The procedure can be repeated for various values of N keeping fixed the measure [i(k)dk. 
The resulting solutions to KP satisfy the following interesting property. 



Exercise 3.7.3: Representing 

i> N {k) = P N {k) e kt ^ hH - + - 
prove that the orthogonality relation 



/oo 
P l (k)P 3 (k)e v( -^dk = for i^j. 
-oo 



Here we denote 



(3.7.11) 

(3.7.12) 
(3.7.13) 



V(k) := fcti + k 2 t 2 H h u(fc). 

In order to spell out the Wronskian formula (3.7.4) let us introduce the function 

/oo poo 
fx{k)e ktl+k2t2+k3ts+ -dk= / e v ^dk. (3.7.14) 
-co J —oo 

Lemma 3.7.4. The Wronskian (3.7.3) associated with the linear constraints (3.7.9) reads 

\ 

(3.7.15) 





( <f> <f>' .. 


0(iv-i) 


W N (t) = det 


$ r .. 








0(2JV-2) 



Proof. Indeed, the functions (3.7.2) read 

/oo 
k i - 1 e v( - k Uk = d l - 1 <f>(t). 
-oo 



Exercise 3.7.5: Given an arbitrary function <f> — <j>(x), prove that the Wronskians of the 
form (3.7.15) satisfy the following equation 

dllo g W N = WN ^ N -\ (3.7.16) 

N 
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We will return to (3.7.16) when considering the Toda lattice equations. 
We will now show that the Wronskian solution to KP defined by the linear constraints 
(3.7.9) can be expressed in terms of Hcrmitean matrix integrals. 
Denote 

7i N = {H= (Hij) e Mat(N, C) | H* = H} 

the space of all N x N Hcrmitean matrices. It is a linear space of the dimension iV 2 . Denote 
dH the Lebesgue measure on this space: 

Af(Af-l) N 



N 



dH = II dHil II ( dReH *j dlmHij) 



i=l 



n dH ** n ( dH v ds v) (5.7.17) 



i=i 



i<j 



(the bar stands for the complex conjugation). Let us consider the matrix integral of the 
form 

(3.7.18) 



Z N (t) = f e trV ^dH. 



Theorem 3.7.6. The tau-function (3.7.14), (3.7.15) coincides, up to a t -independent factor , 
with the matrix integral (3.7.18): 



Z N {t) = c N W N {t). 



Corollary 3.7.7. The functions 



u{t) = 2^ log Z N (t), w(t) = -d x d y \ogZ N (t) 

satisfy KP. 

Proof of the Theorem. The Wronskian formula (3.7.15) reads 



(3.7.19) 
(3.7.20) 



W N (t) = det 



/ Je v ^dk Jke v ^dk ... Jk N ' 1 e v ^dk \ 

$ke v ^dk $k 2 e v ^dk ... $k N e v ^dk 



V jk N ~ 1 e v ^dk Jk N e y ( k Uk 



2N-2„V 



e'^dk J 



(all integrals over real line). We first rename the integration variables in different columns 
of the above matrix to rewrite the Wronskian as a multiple integral 



W N (t) = / det 



/ e v ^1 k 2 e v ^ ... k%- 1 e y ( k ^ \ 
he v ^ k\e v ^ ... k%e v ^ 



V k^ 1 e v ^ k?e v ^ 



dkidk 2 ■ ■ ■ dk N 



k 2N-2 e V(k N ) ) 



= f k 2 k\ . . . k%- 1 e v{k ^+- +v( - k ^ J[{ki - kj) dk x dk 2 . . . dk N . 



(3.7.21) 



Here the integral is over R N . Since the original formula does not depend on the order of k\, 
k 2 , . . . , k^, we can symmetrize over all permutations of these variables. 
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Exercise 3.7.8: 

J2 h 2 ki...kg- 1 Y[(k im -k in ) = (-l) Ei ^ 1 l[(k i -k j f. (3.7.22) 

permutations h,...,i N m<n *<■?' 

We arrive at the following formula for the Wronskian 

W N (t) = f dk x dk 2 ...dk N e ^( fc i)+-+ y ( fc «) J|(fc 4 - kj) 2 . (3.7.23) 

' ■> i<j 

It remains to identify the above formula with the matrix integral (3.7.18) (within a constant 
factor depending on N). 

Exercise 3.7.9: Denote 

/oo 

P 2 N {k)e v ^dk (3.7.24) 
-oo 

where the polynomials P/v(fc) are defined as in (3.7.11). Prove that 

W N {t) = ho(t)h!(t) . . . h N -!(t). (3.7.25) 

Hint: Given an arbitrary system of monic polynomials Po{k), Pi(k), . . . , degP„(fc) = n 
prove first that 



det 



( Po(fci) Po(k 2 ) ... P Q (k N ) \ (I 1 ... 1 ^ 

= det 



Pi(fci) Pi(fe) ... Pi(^) 
\ Pjv-i(fci) Pjv-i(fc 2 ) ••• P N -i(k N ) J 



fcl fc 2 ... fcAT 

. i.JV-1 i.JV-1 .AT-1 



Use then the orthogonality (3.7.12) for evaluation of the integral (3.7.23). 

It remains to identify the integral (3.7.23) with the matrix integral (3.7.18) (within a 
factor depending on N). The basic idea is to use an appropriate change of variables in the 
matrix integral. We will refer to the following well known theorem from linear algebra: every 
Hcrmitcan matrix H can be represented in the form 

H = U^KU (3.7.26) 

for a unitary matrix U, 

U^U = 1 

(the dagger stands for the Hermitean conjugation, W := U t ) and a real diagonal matrix K, 

K = diag(fci, . . -,k N ). 

The eigenvalues k\, . . . , kjy of H are determined uniquely up to a permutation. For a generic 
H they are pairwise distinct and hence can be ordered 

k\ < k 2 < ■ ■ ■ < k N . 

The subset of non generic Hermitean matrices has the co-dimension 3 and thus it does not 
contribute into the integral. 



145 



We want to consider the transformation 

H^(K,U), KeR N , UeU(N) 

as a change of coordinates on the space of Hermitcan matrices. However, the diagonalizing 
unitary matrix U is not determined uniquely. At the generic point, where all the eigenvalues 
fci, . . . , k N are pairwise distinct, the matrix U is determined up to a transformation 

U^DU, £> = diag (e** 1 , . . . ,e** w ) 

for real phases <j>i, . . . , <Pn- Denote Diag C U(N) the subgroup of unitary diagonal matrices 
and 

Q(N) := U(N)/Diag 

the quotient. We obtain a diffcomorphism of an open dense subset in the space of Hermitean 
N x N matrices with pairwise distinct eigenvalues to the direct product 

(R N \ diagonals) /S N x Q(N), H ^ (K, U). 

Here S n is the symmetric group acting by permutation of eigenvalues. 

Our nearest goal is to rewrite the Lebesgue measure dH in the coordinates (K,U). 
Denote dU the Haar measure on the unitary group; it can be obtained in the following way. 
Consider the embedding 

U{N) c C^ 2 = Mat(N,C) 

of the unitary group into the space of matrices. The latter is equipped with the standard 
Euclidean metric 

(A, B) = Rctr^S. 
Rewriting it as a Ricmannian metric 

N 

ds 2 = Y,\ dA "\ 2 + Y,\ dA v\ 2 

i—l i<j 

and restricting it onto the submanifold of unitary matrices one obtains the Ricmannian 
metric on U(N) that is obviously biinvariant. Let dU be the volume element 2 with respect 
to this Riemannian metric. We will use the same symbol dU for the projection of the measure 
onto the quotient Q(N). 

Lemma 3.7.10. 

dH = JJ(jfej - k 3 ) 2 dh... dk N dU. (3.7.27) 

i<j 

Proof. We first prove the formula for the matrices U close to the identity, 

U=l + iX, ||X||<1. 

2 Let us recall that a Ricmannian metric ds 2 = gij(x)dx t dx^ on a n-dimcnsional manifold defines a volume 
element on this manifold according to the formula dV = \/g(x) dx 1 . . .dx n , g(x) := det(<ftj(x)). Isometries 
of the metric clearly preserve this volume element. 



146 



The matrix X = (Xij) must be Hermitean. We can use the entries of X as the local 
coordinates on U(N) in a small neighborhood of 1. The off-diagonal entries (X,j)i<j and 
{Xij)i<j can serve as local coordinates on the quotient Q(N) in the neighborhood of Diag-1. 
One has 

H = U ] K U = (1 -iX)K(l + iX) = K + i[K,X] + 0(\\X\\ 2 ). 

So, 

Hence 

dH — dky 

dH rs dH rs — (k r — k s ) 2 dX rs dX rs + . . . for r < s 
where dots stand for terms containing dk r or dk s . We obtain 

IT dH rr Y\_ dH rs dH rs = — kj) 2 dk\ . . . dk^ J^J dXij dXij. 

r r<s i<j i<j 

It remains to observe that the Riemannian metric on U(N) in the neighborhood of U = 1 
in the local coordinates X^, X^, i < j, takes the form 

ds 2 ~ ^ dXij dX^ . 

i<j 

So, at the point U = 1 one has 

dU = Y[dX ij dX ij . 

i<j 

We have proved (3.7.27) at the point U = 1. To derive the same formula near a generic 
point Uo & U (N) we will use invariance of the measure dll with respect to right shifts 

U^UUq 1 , dU^dU. 

The shift is a diffeomorphism U(N) — > t/(iV) that maps a neighborhood of ?7o to a neigh- 
borhood of 1. Let us introduce a Hermitean matrix 

H := U H Uq 1 = U H U f . (3.7.28) 

Repeating the above arguments we prove the formula of Lemma with dH instead of dH in 
the left hand side. It remains to prove that dH = dH. Indeed, the transformation H i— » H n 
preserves the Euclidean structure 

tvH^Y.Hl + Y^HijHa 

i i<j 

on the space of Hermitean matrices: 

tr (U H Uq 1 U H U^ 1 ) = tr (UqH 2 ^ 1 ) = triJ 2 . 
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So, (3.7.28) is an isometry. Hence dH = dH. The Lemma is proved. 
Using Lemma one can rewrite the matrix integral (3.7.18) in the form 



Z N (t) = I e V(k 1 )+-+V(k N ) _ fc . } 2 dh ^ . I 

J k 1 <k 2 <-<k N JQ 



dU 



since 

tr (y(H)) = V(fci) + --- + ^(fc JV ). 

Due to symmetry of the integrand with respect to permutations of the variables k\ , k^ one 
can rewrite it as the integral over all values of these variables divided by the number of 
permutations 

r eV(kl)+ ... +v(kN) _ kj)2 dh ^ 

J ki<k 2 <---<k N t< j 

= ± [ e v ^+-+ v ^ Wk, kjf dk,... dk N . 



The last integral 



= / 

JQi 



cn = dU 

'Q(N) 



is a constant depending only on N (the volume of the compact manifold Q(N)). We arrive 
at the formula (3.7.23). 

In order to compute the normalizing constant cn let us evaluate the both sides of (3.7.23) 
for a particular choice of the potential V{H) = —H 2 . The integral (3.7.23) becomes Gaussian 
and can be easily computed: 



Exercise 3.7.11: Prove that 

Zn 



r — 

J e -trg' dg= ^_. (3.7.29) 



To evaluate the integral in the right hand side of the formula (3.7.23) with V(H) = —H 2 
we will use the expression of Exercise 3.7.9 representing the integral Wn via the square 
norms of orthogonal polynomials: 



^ [ e -fe?— -feSr Y[(h - kj? dh... dk N = hoh, . . . h N -! (3.7.30) 
' ■> i<j 

h n = J P 2 (k) e- k2 dk 

P n (k) = k n + terms of degree < n 

j Pi(k)Pj{k) e~ fe2 dk = hi Sij. 
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Exercise 3.7.12: Prove that the polynomials P n (k) in (3.7.30) are proportional to the 
classical Hermite polynomials 

P n (k) - 2- n H n (k), H n (k) := {-l) n e k2 dle- k \ 
Use this representation for evaluating the square norms of the polynomials P n {k): 



h n = J Pl{k)e- k2 dk= v52-"n!. 



Comparing the result of this exercise with the Gaussian integral (3.7.29) we obtain the 
value for the constant cat in the formula (3.7.23): 



c N 



iV(iV-l) 

N-l , 1 

n=l ™ ! 



3.8 Real theta-functions and solutions to KP2 

KP-2: 



3 _ d_ 



u t - - (6uu x + u xxx ) 



In the physics literature more often is written in the form 



' yy 



+ u xt + (uu x ) x + u x 



0. 



The KP-1 equation is obtained after the substitution 

xt-^ix, yt-^iy, tt-^it, 

that yields 

Uyy + U x l + (UU X ) X U xxxx 0. 

Poisson summation formula 

oo 1 oo 

£ f(<j>+2nn) = - J2 /V)e' 

n— - 

where 



m— — oo 



/oo 
f(x)e-^ x dx 
-oo 



is the Fourier transform of the function / 
Applying to 

/(x) ^2VT 

for a real positive number b one obtains 



1 /2tt 

2 V T 



0(4; b). 



(3.7.31) 



(3.8.1) 



(3.8.2) 



(3.8.3) 



(3.8.4) 



(3.8.5) 



(3.8.6) 
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Hence 

9{<j>; b)>0 for all 0, b e R, & > 0. 
In similar way one proves the following 

Theorem 3.8.1. Given a real positive definite symmetric matrix B = (-B»j)i<»,j<g> ^en 
the theta-function 

9(4>) = e-5 <m ' Bm> + i<m ^> (3.8.7) 

is reaZ and positive for all real <j> = (fa, . . . , <j> g ). 

Observe that, since the function (3.8.7) is 27r-periodic with respect to every fa, . . . , <p g , 
one has 

min 6(fa > 0. (3.8.8) 



We will now describe the algebro-geometric data (r, Q, k, D) providing the conditions of 
reality and smoothness of the theta-functional solutions to KP. 

The first condition will be imposed onto the Riemann surface T: it must carry a real 
structure. The simplest way to describe the idea of a real structure is to assume that T is 
the Riemann surface of an algebraic function w(z) defined by a polynomial equation 

F(z, w) — aijZ l w-' = 
i, j 

with all real coefficients. The complex conjugation map 

a : (z, w) i — ► (z, w) 

leaves invariant the algebraic curve F(z, w) = 0. Hence an antiholomorphic involution a 
acts on the Riemann surface T 

o~ '. r — ► r, a 2 = id, da/dz = 0. (3.8.9) 

Definition 3.8.2. A pair (V, a), where T is a Riemann surface and a is an antiholomorphic 
involution on T, is called a real Riemann surface. Two real Riemann surfaces (T,a) and 
(r',cr') are called equivalent if there exists a biholomorphic equivalence f : T — > F 7 such that 

foa = a'o f. 

The next condition is for the marked point Q € T and for the (inverse) local parameter 
k defined near Q: Q must be stable under a, 

a(Q) = Q (3.8.10) 

and the local parameter k must behave as follows 

a*k = k (3.8.11) 

(for brevity, we will say that k is a -invariant). 
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Exercise 3.8.3: Given an antiholomorphic involution a : U — > U on the disc in the complex 
z-plane such that the point Q — {z = 0} is stable under the involution, prove that there 
exists a holomorphic change of coordinates ( = ((z), ((0) = 0, d(/dz ^ defined on a 
smaller disc Q e V C U such that the involution acts on £ by complex conjugation 

**( = c 

The above conditions for (T, Q, k) ensure reality of the solutions to KP equation (3.8.1) 
if the nonspecial divisor D is invariant with respect to the involution a: 

a(D) = D. (3.8.12) 

Theorem 3.8.4. Let the point Q G T , the local parameter k and the divisor D for the 
real Riemann surface (T,<j) satisfy the conditions (3.8.10) - (3.8.12). Then the BA function 
i\) = ip(t; P) associated with the data (r, Q, k, D) for all real values oft = (ii, i 2 , ■ • ■ ) satisfy 

a*tp = ip. (3.8.13) 

Proof. The function 

tp := (j*tp 

is again a BA function with the same data (r, Q, k, D). Due to uniqueness it must coincide 
with -0. The Theorem is proved. 

Corollary 3.8.5. The coefficients £i(t), ^(t), ■ ■ ■ of the BA function described in Theorem 
3.8.4 take real values for real t. The same is true for the solutions to the KP equation 
(3.8.1). 

We arrive at the main condition providing smoothness of the thcta-functional solutions. 
It will be formulated in terms of the the set T a of stable points of the involution a. According 
to Exercise 3.8.3 near every point PeT" the stable set is defined by equation 

c = c 

for a suitably chozen local parameter £. Therefore the set of stable points is a collection of 
smooth closed real curves in T. They are called ovals of the real Riemann surface (T,a). 

Exercise 3.8.6: Consider the hypcrclliptic curve 

29+1 

W 2 = \\ (Z - Zi) 

where the roots z\, ... Z2 9 +i areall real; assume 

Z\ < z 2 < ■ ■ ■ < z 2g+ i. 

Prove that the involution 

a : (z, w) 1— ► (z, w) 
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has g finite real ovals 

F% = (z,±w(z)), z£l, z 2 k-i < z < z 2 k, k = l,...,g 
and one infinite oval 

Y% = {z,±w(z)), zGR, z < zi or z 2g+ i < z. 
Determine the ovals of the same Riemann surface with respect to the involution 

a : (z, w) i— > (z, —w). 

Exercise 3.8.7: Consider the genus g hyperelliptic real Riemann surface of the form 

9+1 

w 2 = Y[{z - Zi){z - Zi), <j(z,w) = (z,w) 
1=1 

Zi ^ Zj for any i, j, 
Zi ^ Zj for i ± j. 

Prove that the Riemann surface has 1 real oval for odd g and two real ovals for even g. 

It is clear that the number of ovals is an invariant of a real Riemann surface {T,a). The 
following classical result gives an upper estimate for this number. 

Theorem 3.8.8. (Harnack inequality) (i) The number of ovals of a real Riemann surface of 
genus g cannot exceed g+1. (ii) If the number of ovals is equal to g + 1 then the complement 
r \ r CT consists of two components 

r\r = r+ur (3.8.14) 

each of them is homeomorphic to the disc with g holes. 

Exercise 3.8.9: Prove that any real structure on the Riemann sphere T = P 1 is equivalent 
to one of the following two: 

a(z) = z 

or 

a{z) = -\. 

z 

Prove that the latter has no ovals. 

We are now ready to formulate the last condition ensuring smoothness of real solutions 
to KP-2. 

Theorem 3.8.10. Let (T,a) be a real Riemann surface of genus g with the maximal number 
of real ovals. Denote the oval containing the marked point Q; letT\, . . . , T g be the other 
ovals. Assume the divisor D has exactly one point on every oval Ti, T g . Then the 
function tp(t; P) is smooth for all real values oft. The associated solutions to KP hierarchy 
are real smooth quasiperiodic functions for all real t. 
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Proof. Denote D\ — D(t) the divisor of zeroes of the BA function. Clearly cr(Di) = D\ 
for any t. The BA function tp has a pole for a given value of t iff there exists a linearly 
equivalent divisor D\ containing the marked point Q. One can assume the divisor D\ to 
be (T-invariant, due to a-invariance of the space L(D 1 ). The statement of the theorem will 
follow from the following 

Lemma 3.8.11. Given a a -invariant divisor D of degree g, denote 

rii(D) := # points of D on the i-th oval Ti, i = l,...,g. (3.8.15) 

Then for any other divisor D' linearly equivalent to D one has 

n l (D) = n i (D')(mod2), i = l,...g. (3.8.16) 

Proof. Let / : T — > P 1 be the meromorphic function with poles in D and zeroes in 
D' . Without loss of generality one may assume a* f — f . Hence / takes real values on T a . 
Restricting / onto a real oval Tj one obtains a smooth map of a circle to the circle. The 
degree of this map reduced modulo 2 coincides with ni(D). The theorem about invariancc 
of the degree with respect to deformations [13] completes the proof of the Lemma. 

To complete the proof of the Theorem it remains to observe that n^D) = 1 for i = 
l,...,g. Therefore the rii(D(t)) = 1 for any i = l,...,g. Therefore any representative of 
the class of the divisor D(t) cannot contain Q. The Theorem is proved. 

An analogue of this theorem for the degenerate case. Consider 

V; = (k N + ai k N - x + ... + a N ) e ktl+k ' t *+" (3.8.17) 
where the coefficients ai = fflj(t) are determined from the system of linear constraints 

M 

^2aijip(k = Kj) =0, i=l,...,N (3.8.18) 

where M > N. Suppose that all numbers real and distinct; assume that 

Ki < n 2 < ■ ■ ■ < k M - 
Moreover, assume that the M x N matrix 

a = {<Xij)l<i<N, l<j<M 

is real and satisfies the following condition: all iV x TV minors are positive: 

( a ln a lh ... a ljN \ 
a 2jl a 2j2 ... a 2jN 



> 0, for all h <j 2 <---<j N . (3.8.19) 



\ a Njl a Nj2 . . . a NjN J 
The associated solutions to KP are expressed via the following tau-function (cf. (3.4.7)) 



M 

r(t) = det(^ ifc (t)) 1 < iifc < Ar) A ik (t) = Y,<XijKj r ~ k e Ui ( 3 - 8 - 20 ) 
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where 

Ldj = Kjt\ + K^t 2 + Kjt% + . . . 

Exercise 3.8.12: Under assumption (3.8.19) prove that the tau-function (3.8.20) is positive 
for all real values of t = (ti, t 2 , t 3 , . . . ). 

Hint: Prove that under above assumptions the polynomial k N + aik 1 ^^ 1 + • • • + ajv must 
have N zeroes on the interval (k\, kn)- 

We will now establish a connection between the Theorems 3.8.1 and 3.8.10. Let us choose 
a particular basis of cycles on T. Choose 

ai=r it i = l,...,g 

with some orientation. In order to construct the second part bi, . . . , b g of the basis choose 
points Pi G Ti and Poo e ; connect P^ with Pi by a segment l\ e T + in such a way that 
the segments if , . . . , l\ have no other intersection points but Poo. Choosing in a suitable 
way the orientation of these segments define 

bi = It U (-<r(l+)) , i=l,...,g. 

By construction 

at o bj = Sij in Hi(T;Z). 
Moreover, the action of the involution a on the basis has the form 

(T* (X% — &i 

o*bi = -bi 

i = l,...,g (3.8.21) 

Denote u\, . . . , uo g the basis of holomorphic differentials on T normalized by the usual 
condition 



Let 



be the matrix of periods of the Riemann surface with the opposite sign. Like in (3.6.48), 
denote fli the normalized second kind differential; let Ui be the vector of its 6-periods (see 
(3.6.50)). 

Lemma 3.8.13. Let (T, a, Q, k) be as above. Then the basic holomorphic differentials satisfy 

a*u>k = -u k , k = l,...,g. (3.8.22) 

The normalized second kind differentials fli satisfy 

a*fl, = Qi. (3.8.23) 

The period matrix is real and positive definite. The vectors of b-periods Ui are purely 
imaginary, 

U t = -Ui. (3.8.24) 
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Proof. The differential a*(uj k ) must be antiholomorphic. Decompose it 

9 

(T*(uj k ) = ^2c kl U>l 
1=1 

for some complex coefficients c k i. Using 

<L a*(uj k ) = ^c fe; j> u)i = -2Tric kj 

= f u k = 2 7r iSj k 

one obtains 

Cjk = Sjk- 

The reality of the period matrix follows from a similar computation: 



J hi Jbi J<y,(bi) Jbi 

Positive definitcness of follows from the negative definiteness of the real part of the 
period matrix. 

Finally, to prove invariance (3.8.23) of the second kind differentials one has to use that 
the meromorphic differential 

£li := a*fli 

has the same singularity 

fjj = d k l + regular terms 

due to (3.8.11). It is normalized with respect to the same basis of a-cycles. Hence £li = f2j. 
The equation (3.8.24) readily follows from (3.8.23). The Lemma is proved. 

3.9 Dual BA function, vanishing lemma and smooth solutions to 
KP-1 

We proceed now to the theory of real smooth solutions to the KP-1 equation 

3 d 



4 Uyy ~~ 8x 



u t - * {Quu x - u xxx ) 



(3.9.1) 



It can be represented as the compatibility conditions of the following linear problem 

-Ipxx +Ulp 



1 dip 
i dy 



(3.9.2) 



^ = ~i>xxx + ^ {ud x + d x u)ip + iwtp. 
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In order to select real smooth solutions u(x,y,t), w(x,y,i) to this equation we will first 
present an algebro-gcometric realization of the dual BA function introduced in the Section 
3.6. 

Let if) = tp(t; P) be a BA function 



(, , ft(t) , 6(t) 
V k fc 2 



kt!+k 2 t 2 + . 



^ = \l + ^ + + • ■ • ) e 
associated with the data (T, Q, k, D). 

Definition 3.9.1. The dual BA function = ip^(t; P) is a function meromorphic onT\Q 
with an essential singularity at Q of the form 

^=^1 + ^ + ^1 + ...^ e -k tl ^t 2 -... (3 Q 3) 

with poles at the divisor such that 

D + D^ = K r + 2Q. (3.9.4) 

Here Kr is the canonical class of T. Observe that the degree of D 1 * is equal to g. The 
equation 3.9.4 can be reformulated as follows: there exists an Abclian differential Q D with 
double pole at Q and with zeroes at D and D^: 

(Q D ) = D + D ] -2Q. (3.9.5) 

Such a differential is determined uniquely, within a constant factor, for a nonspecial divisor 
D. 

Lemma 3.9.2. Denote L = d x + J2i>i u i{^)dx % > A n — [L n ] + the operators of the KP 
hierarchy associated with ip, i.e., 

|^=A„V, n=l, 2,... (3.9.6) 

Then ift satisfies 

-M = AL>t, n=l,2,... (3.9.7) 

where _ 

At = [(Lt)"] + , Lt = { _ 9x) + J2(-d x )-^(t) 

»>1 

is the (formally) adjoint operator. 
Proof. Consider the differential 

iP(t;P)^(t';P)fl D (P) 
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depending on two sets of times t and t'. By construction it has no other singularities on T 
but the one at P = Q. Hence 

Res V(t; P)^{t'- P)n D (P) = 

P — Q 

for any t, t'. Comparing with the Sato bilinear formulation of the KP hierarchy (see Theorem 
3.6.19) one obtains the needed result. 

Exercise 3.9.3: Let the differential Hp be normalised by the condition 

Sl D {P) = + dk, P^Q. 

Prove that the meromorphic differential tjj(t; P)tp>(t; P)Urj(P) has the following expansion 
near P = Q: 

V>(t; P)^t( t ; P)n D (P) = (l - U{ ^ U0 + 1® + . . . ) dk (3.9.8) 
where u is a constant and the function v(t) satisfies 

v x = -^u y . (3.9.9) 

Remark 3.9.4. Recall that the divisor D enters into the theta-functional formula via the 
point C € J(r) of the form 

C = Aq(D) +JC Q = D-A-Qe J(T) 

(here A is the Riemann divisor, see Section 2.12). Denote 

C f :=A Q {Di) + JC Q = rt-A-Q. 

Since 2 A = Kr we obtain 

C + C f = + -2A-2Q = on J(T). (3.9.10) 

So, the duality is the involution ( — ( on the Jacobian. 

We are ready to formulate the conditions of reality of solutions to KP-1. 

Theorem 3.9.5. Let the data (T,a,Q,k,D), where a : T — > T being an antiholomorphic 
involution, satisfy the following conditions: 

a(Q) = Q 

<r*k = k 
a(D) = £>t. 
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Then the BA function with the essential singularity at Q of the form 

ljj= (l+ ^) + + e ikt 1+ tk 2 t 2 +... 

\ k k 2 "J 

for real t satisfies 

o^^V 1 ; (3.9.11) 
the linear equations of the KP hierarchy for take the form 

- It = A ^ ( 3 - 9 - 12 ) 

i dt n 

where the operators A n satisfy 

Al = A n (3.9.13) 
for all real t = (ti, t 2 , ■ ■ ■ )■ In particular, the solution 

u(t) = 2i d x ^ 

to the KP equation is real for real t. 
Proof. For real t the function 

^ = V(t;a(P))= + | + f + •••) e- lkt ^ kH *-- 

has the asymptotics like by assumption a(D) = it has the poles at . Hence it 
coincides with ^(t; P). Applying complex conjugation to (3.9.12) and replacing P by cr(P) 
one obtains 

l dt n 

Comparison with (3.9.7) yields (3.9.13). The theorem is proved. 

We will now illustrate the ideas about reality and smoothness of solutions to KP-1 on 
the level of degenerate BA functions. Let us look for the degenerate BA function of the form 



N 



V<t; jfe) = |^1 + J2 JT^rj e* fctl+lfe2t2+ - (3.9.14) 
where the coefficients ri(t), . . . , r N (t) arc determined from the following linear system 

N 

vb(t; Ri) + i Cij Res ip(t; k) dk = 0, i = l,...,N (3.9.15) 

for some pairwise distinct complex numbers K\, . . . , kn, 

Hi ^ Kj for i ^ j, m ^ Rj for all i, j 

and a given square matrix of complex numbers Cy. The coefficient before the summation 
sign in (3.9.15) is i = >/— 1. Observe that the numbers Ki can never be real. 

The linear system (3.9.15) can be considered as a particular case of the defining relation 
(3.4.2) of the theory of degenerate BA function. Let us describe the reality conditions for 
the associated solutions to KP-1. 
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Exercise 3.9.6: (i) Let the matrix C = (cij)i<ij<N be Hermitean, 

C* = C. 

Prove that the corresponding solution to KP-1, when defined, takes real value for real t. 
(ii) Assuming 

9f/sj>0, j = l,...,p, QkjKO, j=p+l,...,N. 
suppose that the Hermitean p x p and (N — p) x (N — p) matrices 

Cup := ( C ij)\<i, j<p ' Cdown : = — ( c ij) p +l<i ,j<N (3.9.16) 

are positive definite. Prove that then the solution to the linear system (3.9.15) exists and is 
smooth for any real t. 

Hint, (i) Consider the meromorphic 1-form 



n = ij;(t; k)ip(t; k) dk. 

Prove that 

Res Q = i y Cjitpjipi 

k=Ki ^— ' 

3 

Res = — i Cij-ipiipj 

3 

where 

ipi := Res i[)(t; k) dk. 

k—Ki 

Applying the residue theorem derive reality of u. 

(ii) The determinant of the linear system (3.9.15) vanishes at a given value t iff the 
associated homogeneous linear system has a nontrivial solution. The latter claim boils down 
to existence of a function 

<Mt;fc)= e ikt i+ ik2t >+- (3.9.17) 

satisfying the same linear constraints (3.9.15). The differential 



n = ip(t; k)ip(t; k) dk. 
is positive for real k, hence it satisfies 



n > o. 

oo 
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On another side, computing the integral via the sum of residues of this differential over the 
poles in the upper half plane yields 



-2tt 



where, as above, 



p N 

i,j = l i,j=p+l 



ipi := Res i[)(t; k) dk. 



< 



The contradiction obtained proves that ip = 0. 

3.10 Symmetries and reductions of KP 

Adding a condition w =const reduces the KP system (3.2.14) to one equation 

u t = ^ (6uu x + u xxx ) (3.10.1) 

where the function u = u(x, t) does not depend on y due to the first of the equations (3.2.14). 
This is the celebrated Korteweg - de Vries (KdV) equation. The modern theory of integrable 
systems begun with KdV. 

We will now obtain conditions for the triple (r, Q, k) that yield the reduction of KP to 
KdV. 

Let the Riemann surface T and the point Q € T be such that a meromorphic function 
A(P) exists with only one pole of multiplicity two at P = Q. Then T must be a hyperelliptic 
curve and Q must be a Weierstrass point on it - see Exercise 2.10.9. Let us choose the local 
parameter near QeTas follows 

k-\P) := [A(P)P 1/2 . (3.10.2) 

Lemma 3.10.1. For a triple (T, Q, k) of the above form and for an arbitrary nonspecial 
divisor D of degree g onT the corresponding BA function ip(x, y, t; P) has the form 

ip(x,y,t;P) = e yX( - p ^(x,t;P) (3.10.3) 

where <p(x, t; P) is the BA function for the same triple (r, Q.k) with the same poles D and 
with essential singularity at Q of the form 

ip{x, t; P) = e kx+k3t + j + 0(k- 2 )^j . (3.10.4) 

Proof. Due to the choice of the local parameter A; one has k 2 (P) = A(P) for any point 
-Per sufficiently close to Q. So the product 

is a BA function on T with poles at D and essential singularity of the form (3.10.4). Since 
the exponential term in (3.10.4) is y-independent, the BA function <p depends only on x, t. 
Lemma is proved. 
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Corollary 3.10.2. Let T be a hyperelliptic curve of genus g of the form 

w 2 = P 2 »+i(«), 

the point Q = oo be the infinite point of T , k = \fz, D = P\ + ■ ■ ■ + P g be a nonspecial 
divisor of the degree g (i.e., z(Pi) z(Pj) for i =/= j). Then: (i) for those values of x, t for 
which the corresponding BA function ip(x,t;P) with essential singularity (3.10.4) exists it 
satisfies the 11 eigenf unction" equation 

Ltp(x,t;P) = \(P)ip(x,t;P) (3.10.5) 

where 

L = d 2 x + u{x,t), u=-2d x ^. (3.10.6) 

Observe that 

\{P) = z for P=(z,w)eT. 
(ii) The t-dependence of (p obeys the equation 

^=A<p, A=d x +^(ud x + d x u). (3.10.7) 

(Hi) The function u(x , t) of the form (3.10.6) satisfies KdV equation (3.10.1). 
(iv) This solution can be expressed via the theta-function of the hyperelliptic curve 

u{x, t) = 2d 2 x log 0(x U + t W + z ) + c (3.10.8) 

where the vectors U, W and the constant c are constructed for (T,Q,k) using the formulae 
(3.2.21), z is an arbitrary phase shift. 

Proof. The BA function ip(x, y, t; P) for the triple (r, Q, k) and for a nonspecial divisor 
D must be of the form (3.10.3) (the assumptions of the Corollary is just a reformulation of 
those of Lemma 3.10.1). Plugging 

1>(x,y,t;P) = <p(x,t;P) e^ p ' 

into equation dip/dy — Lip yields (3.10.5). Furthermore, the coefficients of the expansion of 
ip(x, y,t; p) e - fc2; - fe ' t-v K p ) a t p — Q do not depend on y. Hence w =const. So, equation 
(3.2.13) takes the form (3.10.7). Finally, (3.10.8) comes from (3.2.21) since V = 0. Indeed, 
this is the vector of 6-periods of the exact differential 

-2n {2) = dz. 

Corollary is proved. 

Remark 1. The zero-curvature representation (3.2.18) of KP in the case under consid- 
eration rewrites in the form of Lax representation of KdV 

dL 1 

— = [A,L] u t = - (6uu x +u xxx ). (3.10.9) 

Clearly this is the condition of compatibility of linear equations (3.10.5) and (3.10.7) (cf. 
the proof of Corollary 3.2.3). 
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Exercise 3.10.3: Let 

Ql = (71, \/P2g+lhl)), ...,Qg= (jg, P2g+l(lg)) 

be the zeroes of the BA function ip(x, t; P) described in Corollary 3.10.2. Derive the following 
ODEs for the dependence of these zeroes on x and t 

d lk _ 2i,/iW7*) fc = 5 (3.10.10) 



3 lk _ Sl (Ejyjt 1i - \ z ) y/Pig+iilk) 
dt n^ fe (7fe-7j) 



k = l,...,g (3.10.11) 



where 



2g+l 2g+l 

Let us now consider the Riemann surfaces V with a marked point Q such that a meromor- 
phic function A(P) exists having a triple pole at the point Q and no other poles. Choosing 
the local parameter 

k-\P) := A-!/ 3 (P) 

near Q we obtain the following 

Lemma 3.10.4. Under the above conditions for the triple (T,Q,k) and for an arbitrary 
nonspecial divisor of the degree g the corresponding BA function ip(x 7 y,t; P) has the form 

iP(x,y,t;P) = e tx ^ip{x,y;P) (3.10.12) 

where ip(x,y,t; P) is the BA function with the same data (r, Q,fc, D) with the expansion of 
the form 

<p(x,y;P) = e kx+k2y (l + Oik- 1 )) for P -» Q. (3.10.13) 
The function ip satisfies the equations 

?T=L<p (3.10.14) 
dy 

Ap(x,y;P) = X(P)<p(x,y;P) (3.10.15) 

for the operators L, A of the form (3.2.10), (3.2.11). The coefficients u, w of these operators 
are solutions to the Boussinesq equations 



3 

-Uy = W X 



Wy + ^ (6u u x + u xxx ) = 0. 



(3.10.16) 



Theta-functional formulae for these solutions can be obtained from (3.2.21), (3.2.22) drop- 
ping the t-dependence. 
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Proof is completely analogous to that of Lemma 3.10.1 and Corollary 3.10.2. From com- 
patibility of (3.10.14) and (3.10.15) we obtain, like we did before, a Lax-type representation 
for the Boussinesq equation 

8 A 

g^ = [L,A}. (3.10.17) 

We will list now the simplest examples of Riemann surfaces carrying meromorphic func- 
tions with a single third order pole. 

Clearly, such a function exists for any point of an arbitrary elliptic curve. We leave as a 
simple exercise for the reader to construct the corresponding elliptic solutions of Boussinesq 
equation. Let us consider less obvious examples. 

Example 3.10.5. Let T be a Riemann surface of genus 2 (recall that any such surface is 
hyperelliptic - sec Exercise 2.10.16). Due to Riemann - Roch theorem for any non-Weierstrass 
point Q e F (i.e., Q does not coincide with any of the 6 branch points of the hyperelliptic 
Riemann surface) a function exists having the only third order pole at Q (construct such 
a function explicitly for the Riemann surface of the form w 2 = P§(z) for a given degree 5 
polynomial P*,(z) and a given point (z ,w ) e F, w ^ 0.). 

Example 3.10.6. Let T be a non-hyperelliptic curve of genus 3 (see Exercise 2.10.20). 
According to the results of Lecture 2.10 there exists a Weierstrass point Q on F (i.e., such 
a point that /(3 Q) > 2. Since T is not a hyperelliptic curve, there are no functions with the 
only pole of the order < 2 at Q. Hence, there exists a function with the only triple pole at 
Q. 

Exercise 3.10.7: Prove that any genus 3 non-hyperelliptic curve carries 24 Weierstrass 
points. Prove that the Weierstrass points on the smooth quartic R(z, w) = J2i+j<4 o-ij z% w^ — 
can be determined from the system 

R(z,w) = 

R%%R W 2R ZW R Z R W -\- R WW R Z 

Hint: Prove that there exist polynomials A(z,w), B(z,w) of the total degrees 4 and 6 
respectively such that 

R ZZ R 2 W - 2R ZW R Z R W + R WW R\ = A(z, w) R(z, w) + B{z, w). 

Generalizing the reduction procedure of KP explained in the beginning of this Lecture 
we arrive at 

Theorem 3.10.8. (i) Let X(P) be a meromorphic function on T with the only pole atQ^T 
of the multiplicity n. We put 

k(P) := A 1/n (P) (3.10.18) 

for P sufficiently close to Q. Consider the BA function ip = ip(x, t%, . . . , t n , . . . ; P) with 
the data (T,Q,k,D) for some non-special degree g divisor D and with the expansion of the 
form (3.3.1) for P — > Q with the t n -dependence omitted. Then for any P G T the function 
%j) = i/)(x, ti, ■ ■ ■ , t n , . . . ; P) satisfies the equations 

Lip = \(P)ip, L := A n (3.10.19) 
^ = A m1 p, m=l,2,..., m + n. (3.10.20) 
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The coefficients of the operators A 2 , A3, . . . satisfy a system of equations admitting a Lax- 
type representation 

dL 

— = [A m ,L], m=l, 2,..., (3.10.21) 

(ii) Let us assume that another meromorphic function n(P) exists on T with the only pole 
at Q of the order m. Denote c , C\, ... the coefficients of the Laurent expansion of /x(-P) 
near P = Q with respect to the local parameter (3.10.18), 

H(P) = c k m + dfc™- 1 + • • • + c m -xk + c m + O^k- 1 ). (3.10.22) 

Introduce the differential operator 

m 

A:=^ Cl A m ^ (3.10.23) 

i=0 

where we denote A = 1 the identity operator. Then the BA function ip for any t 2 , t 3 , 
. . . satisfies 

A1>(x,...;P)=n(P)il>(x,...;P) (3.10.24) 
and the ordinary linear differential operators L = A n and A commute, 

[L,A]=0. (3.10.25) 

We leave the proof of this theorem as an exercise for the reader. 

Observe that a pair of meromorphic functions A(P), n(P) with the only poles at Q e T 
of the orders n, m resp. exists on an arbitrary Ricmann surface T of the given genus g for 
sufficiently large n and m. For example, for a generic (i.e., a non-Weierstrass) point Q one 
can take n = g + 1, m = g + 2. Choosing such a pair (A, n) on (r, Q) one obtains a family 
of commuting ordinary differential operators L\ , L^ of the orders 

ord L\ = deg A, ord L^ = deg \i 

such that 

L x il>{x, . . . ; P) = X(P)ip(x, . . . ; P), L^(x, ...;P) = n(P)il>(x, . . . ; P). 

It turns out that any such a pair of commuting ordinary differential operators of the orders 
m, n can be obtained by the above construction if the numbers m and n are coprime. 
For the general case of commuting ordinary differential operators of not coprime orders 
the classification theory is more complicated. It involves the technique of multidimensional 
vector bundles on Ricmann surfaces. Appearance of Riemann surfaces in the problem of 
classification of commuting ordinary linear differential operators becomes clear due to the 
following statement. 

Theorem 3.10.9. Let L, A be two commuting linear ordinary differential operators of the 
orders n and m resp. Then there exists a polynomial 

F(Z, w) — ^ QijZ l W j 
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of the degree m in z and degree n in w such that 



F(L,A)=0. (3.10.26) 

The common eigenfunctions 

Lip = zip, Aip = wip (3.10.27) 
are meromorphic on the Riemann surface F(z,w) = 0. 

We recommend to the reader to prove this theorem after studying the Lecture ?? where 
the particular case of commuting ordinary linear differential operators of the orders n = 2 
and m = 2k-\- 1 will be studied. The results of this investigation will be applied to the theory 
of KdV equation and of the higher analogues of it (the so-called Kd V hierarchy) . In this 
case the equations of commutativity [L, A] = can be reduced to an ordinary differential 
equation for the potential u(x) of the differential operator L = d\ + u(x). The related 
non-stationary equations 

can also be written as nonlinear evolutionary PDEs for the function u. These are the 
equations of the KdV hierarchy. The explicit form of these equations can be obtained by 
expressing recursively the coefficients of the operator A via u(x) and its ^-derivatives using 
the equations [L, A] = and dL/dt = [L, B] resp. 

Let us illustrate again the basic idea of reducing KP to nKdV working with degenerate 
BA functions. Let us consider the BA function of the form (??) constraint by the system of 
linear equations (??) where the functions gi(k) have the form (??). As usual denote 

L = d - + E < t ) 9 ^ i = wd x w~\ w = i + fcW 

i>l i>l 

the associated pseudodifferential operator. 
Theorem 3.10.10. Let the subspace 

f7 = span (sri(fc), 52 (&)>•••) 
be invariant with respect to multiplication by k n : 

k n U C U. (3.10.28) 
Then the BA function ip(t; k) can be represented in the form 

ip(t; k) = e E ->i fcm " tm >(t'; jfc) (3.10.29) 
and the function <p(t', k) satisfies the equations 

A n ip = k n ip 



(3.10.30) 



dip 
dt 



Ajip, for all j^mn. 
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Here, as usual, 

A i =[L i ] + , i>0, 
moreover, the n-the power of L is a differential operator 

£:=L n = A n = d% + oi(t) d n x - 2 + ■■■ + a n _i(t). (3.10.31) 

The operators C and Aj satisfy the equations of the nKdV hierarchy 

dC 

— = [A jf C], j^mn (3.10.32) 

written in the Lax form. 

Proof. Let us consider the function 

tp(t;k) :=e-^>i km7lt ™^(t;k)= (l + | + |§ + . . . ^ e £^m„* , *i. 

Let us derive from (3.10.28) that this function satisfies the same linear constraints (??). 
Indeed, due to (3.10.28) there exists a constant matrix such that 

n-\-i— 1 

k n 9i(k) = g n+i {k) + aijg n+i -j(k), i = l,2,.... 

3 = 1 

So the system of orthogonality constraints 

If elk 
— j 9l {k)^{t;k) — =Q, i>l 

implies 



Hence 



1 f dk 

<b k mn gAk)ip(t;k) — =0 for all i > 1, m > 1. 

2ni J k 

^- L-^> 1 k—t mng . {k)i){t . k) dk = ^ j > 1. 

By assumption this system of linear constraints for <p has a unique solution. As the 
exponential term in <p does not depend on the variables t mn , hence ip does not depend on 
these time variables as well. This proves (3.10.29). The proof of the remaining statements of 
the theorem reproduces the proof explained in the algebro-geometric situation. The theorem 
is proved. 

Exercise 3.10.11: Let tp be a degenerate BA function of the form (3.4.1) constrained by 
the conditions of the form 

ipim) = Ci1>(-Ki), i = l,...,N (3.10.33) 
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for some numbers Ki, kn such that /tj 7^ Kj for i j and Kj 7^ — for all i, j, 
and arbitrary nonzero numbers c\, . . . , cjv- Show that the function ip for any y, t is an 
cigenfunction 3 of the differential operator L — d% + u 

Lip(x,y,t;k) = k 2 ip(x,y,t;k) (3.10.34) 

where the potential 

ti = 2^1ogdet(A,- fe (ar,i)) (3.10.35) 

^•fe(ar,t) = djfe + Cj , j, k = 1,.. ., TV (3.10.36) 

does not depend on y. Here c\, . . . , cjy are some constants expressed in terms of c and k. 
Prove that u(x, t) is a solution to the KdV equation (3.10.1). 

[Hint: rewrite the linear system (3.4.6) introducing new unknowns r 1; . . . , r N instead of 
the unknowns ai, . . . , ajv, where 

- _ il>(x,y,t;k) = f 1 + y* n{x,t) \ ekx+k ' y+k * t 

Observe that the constraints (3.10.33) in terms of the function ip recast in the form 

Res tp = Ci ip(— Ki), i = l,...,N 

k—Ki 

(this defines the constants Ci, . . . , cjv in (3.10.36)).] 

For real positive numbers ci, cm, «i, kjv the function u(x, t) of the form 
(3.10.35), (3.10.36) are smooth real solutions of KdV. They are celebrated multisoliton 
solutions of KdV. In particular, for N = 1 one obtains a soliton, i.e., a localized solution of 
the form 

u(x, t) = 2K — -. (3.10.37) 

cosh k[x — Xq + kH\ 

3.11 Additional symmetries of KP and Virasoro algebra 

We start from the following elementary observation: the trivial BA function 

satisfies 

^ = M Vo, M = ^ mfm a--i. 

In general one can derive a similar equation for the fc-dependence of the BA function by 
applying the dressing procedure. Introduce the operator 

M = WM W~ 1 , W= l + ^&(t)d"\ (3.11.1) 

i>l 



3 Hcrc we understand the notion of cigenfunction of the operator L in the formal sense as just a solution 
of the differential equation (3.10.34). 
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Then the following equation holds true 



<9V 
We 



Mip. 



(3.11.2) 



The operator M does not commute with 

L = Wd x W~ 1 

but it satisfies the Heisenberg commutation relation 

[L,M] = 1. (3.11.3) 
Exercise 3.11.1: Prove (3.11.3). Moreover, derive the following commutation relations 

[L l , M] = i L^ 1 for any ieZ (3.11.4) 

[L, M° V] = j Mi- x V for all ieZ, j = 1,2,.... (3.11.5) 

Let us now introduce additional symmetries of the KP hierarchy as the vector fields 
d/dsij, i e Z, j = 1, 2, . . . by the following formula 



dW 

dsij 



For the Lax operator L the equation (3.11.6) yields 

dL 



dsi 



(M 3 L l )_,L 



(3.11.6) 



(3.11.7) 



Lemma 3.11.2. The additional flows (3.11.6) (or (3.11.7),) commute with equations of the 
KP hierarchy: 

' d d ' 



Proof. From the obvious commutativity 

d 



dt n 



0. 



= 



(3.11.8) 



it follows by dressing that 



Hence 



dt r . 



A n ,M 



0, A=(L n ) + . 



d_ 

dt n 



A n ,M j V 



0. 



The commutativity (3.11.8) easily follows from the last equation. The lemma is proved. 
The additional symmetries (3.11.6) do not commute between themselves. 
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Exercise 3.11.3: Prove that the mapping 

M j L i 



dsi 



is a Lie algebra homomorphism. Derive the following commutation relations 



d d 



dsij dsn 



S>1 



d 



ds. 



+k—s,j+l- 



(3.11.9) 



We will now look more carefully at the particular class of the additional symmetries 
corresponding to j = 1 . We will change the notations defining 



c) 



d 



dsi ' ds i+1A ' 



So 



dL 



(ML l+1 )_,L 



(3.11.10) 



(3.11.11) 



From (3.11.9) one derives the commutation relations of the Virasoro algebra (with zero 
central charge) for these vector fields 



_3_ d_ 

dsi ' ds j 

Exercise 3.11.4: Prove that the flows 

dL 



(i-j) 







ds, 



(3.11.12) 



(L l+1 M)_,L 



coincide with (3.11.11). 



We will now consider the subalgebra of the Virasoro algebra (3.11.12) of additional 
symmetries preserving the n-reduction of KP. 



Lemma 3.11.5. The n-reduction of KP given by the constraint 

£ := L n = a differential operator 



(3.11.13) 



is invariant with respect to the additional symmetries of the form d/ds m n for any m > — 1. 
The dependence of the differential operator L on the parameters of the additional symmetries 
is determined from the equations 







-C=[M m ,C]+nC m +\ M m := (ML mn+1 ) + . 



Proof. Let us first prove (3.11.14). From 

[L,ML mn+1 ] = L mn+1 



(3.11.14) 
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(see (3.11.5)) it follows 

[L k ,ML mn+1 ] = kL mn+k 
for any k > 1. For k = n it follows that 

[£,ML" +1 ] = nC m+1 . 

Hence 



(ML mn+1 )_,£ = (ML mn+l ) C -[ML mn+ \£]=[M m ,£] + n£ 



-»m+l 



Observe now that for to > — 1 all the operators in the right hand side of (3.11.14) are purely 
differential 4 . This proves invariance of (3.11.13). The theorem is proved. 

3.12 NLS equation and KP 

We will now explain how to construct solutions to the nonlinear Schrddinger equation (NLS) 
using the dual BA functions. 

Let us assume that there exists a rational map 

A : T -> P 1 

such that 

\-\oo) = Q+ + Q-, Q+ = Q. (3.12.1) 

Clearly, in that case L must be hyperelliptic. Denoting Pi, . . . , P2 g +2 the zeroes of the 
differential dX we obtain the equation of the Riemann surface in the form 

2g+2 

fi 2 = R(\) where R(X) = J| (A - A*), A, := A(Pj). (3.12.2) 

i=l 

The points Q+ and Q_ are the two infinite points of (3.12.2). We choose 

k(P) = X(P), P^Q+ (3.12.3) 
as the (inverse) local parameter near Q + and construct the BA function 

1>(x, t; P) = (l + + + . . . ) e k *+ fc2 < (3.12.4) 

with the essential singularity at P = Q + and a nonspecial degree g divisor D. As usual, put 

u(x,t) = -2d x £i(x,t). (3.12.5) 

Let 

tf(x,t;P)= ^ + %^ + %^ + --^ er k *- kH (3.12.6) 



Actually, Mm is a finite order difTercntial operator when only finite number of time variables are nonzero. 
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be the dual BA function. Let flo be the second kind differential on T with zeroes at D and 
double pole at Q+ normalized as 

n D = ( i - o ( i ) ) <ik. 



k 2 

Denote 

¥>(a;,t) :=^(aj,t;Q_), </? f (:r, t) := tf(x, t; Q_). (3.12.7) 
Lemma 3.12.1. TTie functions ip = ip(x,t), = ip^(x,t), u = u(x,t) satisfy the system 

dip 

-g^ = <PXX + U <P 

-2a<pip^-u (3.12.8) 



w/iere uo «s some constant, 



Res X(P)n D (P). (3.12.9) 

-P — Q — 



Proof. The first two equations are already known (see Lemma 3.9.2 above). To prove 
the last equation let us consider the Abclian differential 

Q(x,t;P) := ^(x,t;P)^(x,t;P)Q D (P). (3.12.10) 

The differential has a double pole at P = Q + and no other poles. Near Q + it has the 
expansion 

(see exercise 3.9.3) with some constant uq. Applying the residue theorem to the meromorphic 
differential X(P) Sl(x, t; P) one obtains the third equation of (3.12.8). The Lemma is proved. 

Exercise 3.12.2: Let Q + be the infinite point on L defined by 

Q + : A -oo, ^r-»+i. 
Another infinite point Q_ then is defined by 

Q-: A^oo, ^r->-l- 
Prove that the differential must have the form 

where -P(A) is a polynomial of degree g + 1 having the form 

2g+2 

2 



2 9 +2 

P(A) = A^ 1 -aA« + ..., 
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The 2g points (7$, fii), i — 1, . . . , 2g of the divisor D + are determined from the equations 
R(li) = P 2 (li), Mi = -P(7<), » = 1,...,2 5 . 
Let us assume now existence of an antiholomorphic involution cr : L — > L such that 

cr*A = A. 

The points Q-t then are stable under a. Let us assume that the real Riemann surface (r, a) 
and the divisor D satisfy all the conditions of Theorem ??. 

Theorem 3.12.3. Let ip = ip(x,t;P) be the BA function with the essential singularity at 
P = Q + of the form 

and with poles at the divisor D. Then the function 

<p(x,t) ■= ip{x,t;Q-) 

satisfy the NLS equation 

i<p t = (p xx + (2cr \(p\ 2 + u ) if. (3.12.11) 

It is clear that the constant cr defined in (3.12.9) is real. The case a > corresponds to 
focusing NLS; the case a < gives defocusing NLS. 

Exercise 3.12.4: Prove that for a < all the branch points Xi of the hyperelliptic curve 
(3.12.2) are real. For the focusing case a > prove that all them are non real. 
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